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Abstract. Let R be a commutative Noetherian ring, a an ideal of R and let M be a
finitely generated R-module and N be an arbitrary R-module. Let n be an integer and S
be a Serre subcategory of the category of R-modules. We study some properties of local
cohomology modules by using the concept of Serre subcategory of the category of R-modules.
More precisely, we investigate the membership of H: (M, N) and HiAnnR (v/anny(IV) in S for all
i < n and as the dual case, we find a relation between H: (M, N) and HﬁhmR (n/an) (M, R) for
all ¢ > n.
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Introduction

Throughout, R is a commutative Noetherian ring with identity and a is an
ideal of R. Let M and N be two R-modules with M finitely generated. The i-th
generalized local cohomology module of M and N with respect to a is defined
by

H;(M,N) := hﬂExt}{(M/a”M,N).
n

Recall that a class S of R-modules is a Serre subcategory of the category of R-
modules, when it is closed under taking quotients, submodules and extensions.
We say that a Serre subcategory S satisfies the condition C, if for every a-
torsion R-module M such that 0 :p; a is in S, then M is in S and we denote
it by S € Cq (See [1, Definition 2.1]). Recall that an R-module M is called
a-torsion if M = Up,en(0 :ps a™).

At first, in [I] the authors studied local cohomology modules by means of
Serre subcategories. We can see the similar investigations in [2], [4] and [10]. In
this paper, we continue to study some properties of local cohomology modules
which are belong to a Serre subcategory S of the category of R-modules. Since
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the following Serre subcategories of modules satisfy the condition C, for all ideals
a of R, our results are valid in these classes:

i) Sy := the class of zero modules,

ii) S4 := the class of Artinian modules,

iii) Sp := the class of R-modules with finite support,

iv) Sy, := the class of R-modules M with dim M < n, where n is a non-
negative integer.

In one of our main results, we show that if S is a Serre subcategory of the
category of R-modules such that S € C,,, where ays := Anng (M/aM), then
for a finitely generated R-module M and an arbitrary R-module N we have

inf{i : HY (M, N) is not in S} = inf{i : H. (N) is not in S}.

anm

Note that this result has been proved under certain conditions for the class of
zero modules in [6], for the class of Artinian modules in [8] and for the class of R-
modules with finite support in [9]. Here N is not necessarily finitely generated.
As the dual case of this result, we prove that if M and N are finitely generated
R-modules with pd(M) < oo and S € Cq, and also Anng N is in S, then

sup{i : H.(M, N) is not in S} = sup{i : Hle(M, R) is not in S}.

1 THE RESULTS

In this section, S is a Serre subcategory of the category of R-modules.

Definition 1.1. (See [1 Definition 2.1]) Let a be an ideal of R. We say that S
satisfies the condition C, if for every a-torsion R-module M such that 0 :p; a is
in S, then M is in S. In this case we write S € C,.

Lemma 1.2. Let M be a finitely generated R-module and N be an R-
module. If N is in S, then Ext» (M, N) is in S for all 4 > 0.

Proof. See [4, Lemma 2.1 |. QED

Lemma 1.3. Let a be an ideal of R and let N be an a-torsion R-module.
Then for every R-module M, H; (M, N) ~ Ext%» (M, N) for all i > 0.

Proof. See [3, Lemma 3. QED

Lemma 1.4. Let M be a finitely generated R-module, N be an R-module
and a be an ideal of R. Then

i) Homp(M,HY(N)) ~ HY(Homg(M, N)) ~ H(M, N).
ii) Hy(M,N) ~ H} (M,N) for all i > 0. If N is finitely generated, then

Hi{(M,N) ~H}_(M,N) for all i > 0.
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Proof. i) Homp(M, HJ(N)) ~ Homp (M, lim Homp(R/a", N))
~ lignHomR(?\J, Homp(R/a™, N))
r~ liilHomR R/a™, Hom(M, N))

(
~ I—fg(HomR( N))
~ ligHomR(R/a" Hom(M, N))
(

n
~ ngﬂomR M/a"M, N)
~ HO M,N).

ii) By [11}, 9.23] \/Annpg( M/aM \/a—i-AnnR ) and so HQM (M,N) ~
H Ao (M, N) But Hi s on (M. N) =~ H(M, N). Thus H: (M, N) ~
H: (M, N). Similarly we obtain the second result. QED

an

Theorem 1.5. Let L be a finitely generated R-module and N be an ar-
bitrary R-module and let n > 0 be an integer. Then, if H.(L, N) is in S for
all i < n, then H (M, N) is in S for all i < n and for all finitely generated
R-modules M such that Suppr (M) C Suppgr(L).

Proof. We use induction on n. By [B, Lemma 2.2], there is a chain
0=MyCM C---CM=M

of submodules of M such that the factors M;/M;_, are homomorphic image
of a direct sum of finitely many copies of L. Take j € {1,--- ,t} and set V; :=
M;/M;_i. We have an exact sequence 0 — U — @ézlL — Vj — 0, where [ is
an integer and U is a finitely generated R-module. Thus we have the following
long exact sequence

0— Hg(‘/jaN) - Hg(@i:ILaN) — Hﬁl(‘/JaN) - H;(@izlLaN) -

Since HY(®!_,L,N) ~ @!_, HY(L,N) is in S, from the above long exact se-
quence we conclude that Hg(Vj, N)isin S forall j € {1,--- ,t}. Now, from the
exact sequence

0= M — My —Vo—0

we have the following long exact sequence
0 — HY(Va, N) — H(M, N) — HY(M7,N) —

Since M1 = Vj by the above argument we have that Hg(Ml,N) is in S and
HY(V5, N) is in S. Thus by the above long exact sequence it follows that H(My, N)
is in S. By repeating this method we conclude that H(M;, N) is in S. Since
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M = M,; we conclude that H)(M, N) is in S. Hence the assertion holds for
n=1.

Now, let n > 1. Since SupprU C Suppp L, by the induction hypothe-
sis, H(U,N) is in S for all i < n — 1. On the other hand, Hi(®!_, L, N) ~
@ézl Hi(L,N) is in S, for all i < n. Therefore, the first long exact sequence in
this proof shows that H:(V}, N) is in S for all i < n. Thus we showed that the
result holds for all R-modules V; := M;/M;_; where 1 < j <t. Now, from the
exact sequence

0—>M — My —Vo—0

we have the following long exact sequence
oo > H (Va, N) = HY (Mo, N) — H (M}, N) — - -

Since M1 = Vi by the above long exact sequence it follows that 'H’é(MQ,N ) is
in S for all i < n. By repeating this method we conclude that Hf (M, N) is in
S for all ¢ < n. But M = M; and so the proof is complete. QED

The following corollaries are immediate cosequences of the above theorem.

Corollary 1.6. Let L and M be finitely generated R-modules and N be
an R-module such that Suppr(M) = Suppr(L). Let n > 0 be an integer. Then
Hi(L,N) is in S for all i < n if and only if H,(M, N) is in S for all i < n.

Corollary 1.7. Let M be a finitely generated R-module and N be an R-
module. Let n > 0 be an integer. If H{(N) is in S for all i < n, then H:(M, N)
isin S for all i < n.

Proof. Since H(N) = H'(R, N) and Supp M C Supp R, the result follows by
Theorem [L.5l

Now, we can prove the following main result.

Theorem 1.8. Let M be a finitely generated R-module, N be an R-module
and a be an ideal of R. Let S € Cy,, and let n > 0 be an integer. Then H (M, N)
is in S for all 7 < n if and only if Hy, (N) is in S for all i < n.

Proof. We use induction on n. Let n = 1. If H) (N) is in S, then we conclude
that Homp(M,H) (N)) is in & by Lemma and so HY(M,N) is in S by
Lemma [L.4

Now, assume that H)(M, N) is in S. By Lemma HgM(HomR(M, N)) is
in S. Since

H? (Homp(M, N)) = Usso Hompg(R/(ap)', Homp (M, N))

anm
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we conclude that Homp(R/ay, Hompg(M, N)) isin S and so Hompg(M /ay M, N)
is in S. Again Lemma [1.4]implies that H) (M/ap M, N) is in S.

(
Since Suppr(M/ap M) = Suppr(R/ay ), we have

HY (R/an, N) ~ Hompg(R/ap, Hy  (N))

am

is in S by Corollary But by hypothesis S € Cq,, and so HSM(N) isin S.
Now, suppose that n > 1. The exact sequence

0—=Tq4,(N) > N—=N/T'y,,(N) =0
induces the exact sequence
Hg(M’FaM(N)) - HQ(M, N) - HQ(M, N/FaM(N)) - Hg+1(M7FaM(N)) o

Since a C apy, Iy, (IV) is an a-torsion R-module and so by Lemma [1.3| we get
the following exact sequence

Extl(M,Tq,, (N)) = HL(M, N) — HY{(M, N/Tq,,(N)) = Extiy (M, Tq,, (N)) — .

The two outer terms belong to & by Lemma and thus H' (M, N) is in S
if and only if H (M, N/T'y,,(N)) is in S for all ¢ > 0. On the other hand, the
above short exact sequence induces the exact sequence

0 — H°

an

Since HgM (T'q,, (N)) is a submodule of I'y,, (N), it follows that HSM (Dq,, (N))
is in 8. But by [7, Corollary 2.1.7 (ii)] Hg, (Ia,,(N)) = 0. Thus the above
sequence shows that HSM (N) is in S if and only if HEM (N/Tq,,(N)) is in S.
But H} (N)~H} (N/Tq,,(N)) for all i > 0. Therefore, H, (N) is in S if and

only if HY (N/Ty,,(N)) is in S for all i > 0. So we can assume that HY (N) =

am am
0. Let E be the injective hull of N. Then H) (F) = 0 and HgM(M, E) ~

an
Homp (M, H], (E)) = 0. Hence from the exact sequence

(Pay (N)) = Hy,, (N) = Hg,, (N/Tay, (N)) = Hgy, (Pay (N)) = -

an

0—-N—-FE—FE/N—O0

we get HPN(N) ~ H} (E/N) and HL'H(M,N) ~ H., (M, E/N) for all i > 0.

ans anm

Since H} (M, N) ~ H}(M,N) for alli > 0, we have H;" ! (M, N) ~ H,(M, E/N)
for all ¢ > 0. Now, the induction completes the proof.

Corollary 1.9. Let M be a finitely generated R-module and N be an R-
module and a an ideal of R. Let § € Cg,,. Then

inf{i : H,(M, N) is not in S} = inf{i : H, (V) is not in S}.
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The following results (i), (ii) and (iii) are generalizations of [0, Proposition
5.5 ], [8, Theorem 2.2] and [9, Corollary 2.9] for every R-module N (not neces-
sarily finitely generated).

Corollary 1.10. Let M be a finitely generated R-module and N be an
R-module. Then we have:

i) inf{i : Hy(M,N) # 0} = inf{i : H, (N) # 0}.

i) inf{i : Hi(M, N) is not Artinian } = inf{i : HQM (N) is not Artinian}.

iii ) inf{i : Supp g (H:(M, N)) is not finite } = inf{i : SuppR(HéM(N)) is not finite }.

iv) If n is a non-negative integer, then we have

inf{i : dim g H,(M, N) > n} = inf{i : dim g(H},,(N)) > n}.

Proof. The result follows by using Corollary for the classes of Sy, Sa, Sr
and S,,. QED

Theorem 1.11. Let a and b be two ideals of R such that‘ a C b and let
S € Cp. Let N be an R-module and let n > 0 be an integer. If Hy(N) is in S for
all i < n, then Hy(N) is in S for all i < n.

Proof. By Corollary Hi(R/b, N)isin S for all i < n. Since a+Ann(R/b) =
a+ b, Theorem |18 implies that Hy 4 (V) is in S for all ¢ < n. But a C b and so
H{ (V) is in S for all ¢ < n, as required. QED

Corollary 1.12. Let M be a finitely generated R-module and N be an
R-module and let a be an ideal of R. Let S € Cq. If N is in S, then H! (M, N)
isin S for all ¢ > 0.

Proof. Since Hy(N) = N for i = 0 and Hy(N) = 0 for all i > 0 and N is in S,
we conclude that Hy(N) is in S for all i > 0 and so Theorem implies that
H{(N) isin S for all ¢ > 0. Now, the result follows by Corollary

Corollary 1.13. Let M be an R-module and let a be a non-zero ideal of R
and let S € Cy. Let = € a be an arbitrary element. If HY y(M) and H%@ (M) are

. (@
in S, then H{ (M) is in S for all i > 0.

Proof. By [T, Theorem 3.3.1], H{,, (M) = 0 for all i > 1. Thus H{,, (M) is in S

for all # > 0. Since (z) C a, we have H,(M) is in S for all i > 0 by Theorem
Ll QED

Corollary 1.14. Let M be an R-module and a be a non-zero ideal of R.
Then Suppp Hi (M) C Nyeq(Suppy HY >(1\4) U Supppr H@ (M)) for all i > 0.

(z
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Proof. Let p € Suppy H:(M). Then Hép (M,) # 0. Using the above corollary for
the class of zero modules, we have H(<]1>Rp(Mp) # 0 or H%@RP (M) # 0 for all
x € a. Thus p € Suppp H?@(M) or p € Suppp H%@(M) for all x € a. QED

By using the Independence Theorem, [7, 4.2.1], we get the next result.

Theorem 1.15. Let M be a finitely generated R-module and N be an R-
module. Let a be an ideal of R and let n > 0 be an integer. If Anng(M) C
Anngp(N) and R/ Anng(M) is a flat R-module, then the following are equiva-
lent:

i) Hi(N) is in S for all i < n.

ii) HY (M, N) is in S for all i < n.

Proof. i) = ii): By Corollary
ii) = i): Let H(M,N) be in S for all i < n. Then by Corollary
Hi(R/Anng(M),N) is in S for all i < n. Take R := R/Anng(M). Since
Annp(M) € Anng(N), N is an R-module. But f : R — R’ is a flat ring
homomorphism, and so by [6, Proposition 3.1] there exists an R-isomorphism
'w(RUN) ~ HY(R,N) for all i > 0. But H.p/(R/,N) ~ H s (N) as R'-
modules. By the Independence Theorem ([7, Theorem 4.2.1]), there exists an
R-isomorphism H' j,(N) ~ H:(N) for all i > 0. Thus Hi(N) ~ H{(R/,N) as
R-modules. Since H:(R', N) is in S for all i < n, H(N) is in S for all i < n, as
required. QED

Corollary 1.16. Let M be a finitely generated R-module and N be an
R-module. Let a be an ideal of R and n > 0 be an integer. If Anng(M) C
Anng(N) and R/ Anng(M) is a flat R-module, then U;—, Suppp Hi(N) =
Ui<n Suppp Hg (M, N).

Proof. Let p ¢ Uj<, Suppg Hi(N). Then HéRp(Np) = 0 for all ¢ < n. Since
Anng(M) C Anng(N) we have Annpg, (M) C Annpg, (Ny). Thus Theorem
for the class of zero modules, implies that Hgp (M, Ny) = 0 for all ¢ < n and
it follows that p ¢ U;<, Suppg H:(M, N). Therefore, U;,, Suppg H (M, N) C
Uicn SUPPR Hfl(N ). Similarly, we can prove the converse inclusion.

~ In the remainder of this paper, we investigate the local cohomology modules
H! (M, N) for all i > n where M and N are finitely generated R-modules and
n is an integer.

Theorem 1.17. Let L and M be finitely generated R-modules with pd(M) <
co. Let n > 0 be an integer. Then, if H (M, L) is in S for all i > n, then
Hfl(M ,N)isin S for all ¢ > n and for all finitely generated R-modules N such
that Supprp N C Suppp L.
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Proof. Let t :== pd M + ara(a), where ara(a) the arithmetic rank of the ideal a
is the least number of elements of R required to generate an ideal which has the
same radical as a. For any finitely generated R-module C, we have H: (M, C) =0
for all i > ¢, see [12, Theorem 2.5]. Thus we can assume that n < i < t. We
use decreasing induction on ¢. By an argument similar to that used in the proof
of Theorem [1.5] we obtain an exeact sequence 0 — U — @ézlL — N — 0 for
some [ > 0 and some finitely generated R-module U. Thus, we get the following
long exact sequence:

s HY(M, @ L) = HY (M, N) —» HS" Y (M, U) — - .
Since Suppr U C Suppp L, we get by induction that H’fl(M, U) is in S.

But, by the hypothesis, H: (M, @ézlL) ~ @ézl Hi(M, L) is in S. Therefore, the
above long exact sequence implies that H} (M, N) is in S, as required. QED

Corollary 1.18. Let L, M and N be finitely generated R-modules with
pd(M) < oo and Suppp N = Suppp L. Let a be an ideal of R and n > 0 be an
integer. Then H' (M, L) is in S for all i > n if and only if H:(M, N) is in S for
all ¢ > n.

Corollary 1.19. Let M and N be finitely generated R-modules with pd(M) <
oc. Let a be an ideal of R and let n > 0 be an integer. If H (M, R) is in S for
all i > n, then H (M, N) is in S for all i > n.

Theorem 1.20. Let M and N be finitely generated R-modules with pd(M) <
oo and let a be an ideal of R. Let S € C, and let n > 0 be an integer. If Anng N
is in S, then the following conditions are equivalent:

i) Hi(M, R) is in S for all i > n.

ii) H{ (M, N) is in S for all i > n.

Proof. i) = ii): By Corollary

ii) = i): Since Suppyp N = Suppg R/ Anng N, we have that H' (M, R/ Anng N)
is in S for all ¢ > n by Corollary Now, the exact sequence

0 — Anmmgp N - R— R/ Anng N — 0
induces the long exact sequence
oo = HY(M,Anng N) — H:(M, R) — HY(M, R/ Anng N) — - - .

Since Anng N is in S, H (M, Anng N) is in S for all i by Corollary There-
fore, from the above long exact sequance we conclude that H! (M, R) is in S for
all ¢ > n. QED

Now, we can obtain the next result which is a dual of Theorem )
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Corollary 1.21. Let M and N be finitely generated R-modules with pd(M) <
oo and let a be an ideal of R. Let S € Cq,, and let n > 0 be an integer. If Annp N
is in S, then the following conditions are equivalent:

i) Hi(M, N) is in S for all i > n.

i) Hy | Ay v(M, R) is in S for all i > n.

Therefore,

sup{i : H,(M, N) is not in 8} = sup{i : Hy | gpn, (M, R) is not in S}

Proof. By Lemmal[L4H,(M, N) ~ Hi, , . n(M,N) ~H: (M, N) for all i > 0,
and so the result follows by Theorem QED

Corollary 1.22. Let M be a finitely generated R-module with pd(M) < oo
and let a and b be two ideals of R such that a C b. Let S € C, and b be in S.
Let n > 0 be an integer. If H;(M, R) is in S for all 4 > n, then Hj (M, R) is in
S for all ¢ > n.

Proof. By Theorem m Hi(M,R/b) is in S for all i > n and by Corollary
1.21) Hy (M, R) is in S for all 4 > n. Since a C b we get Hy(M, R) is in S for
all ¢ > n, as required. QED

Corollary 1.23. Let M be a finitely generated R-module with pd(M) < oo
and let a be an ideal of R. Let S € C; and a be in S. Let n > 0 be an integer.
Then the following conditions are equivalent:

i) HY (M, R) is in S for all i > n.

i) Extiy(M, R/a) is in S for all i > n.

iii) HY(M, N) is in S for each finitely generated R-module N and for all
i>n.

Proof. 1)= ii): By hypothesis H6+u(M, R)isin S for all ¢ > n. Thus by Corollary
H{ (M, R/a) is in S for all i > n. Since H)(M, R/a) ~ Ext',(M, R/a), we
have Ext’ (M, R/a) is in S for all i > n.

ii) = i): If Exth(M, R/a) is in S for all i > n, then Hj(M, R/a) is in S for
all ¢ > n and by Corollary t a(M,R) is in S for all i > n, as desired.

i) = iii): By Theorem [1.20]

iii) = i): It is clear. QED
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