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Abstract. On page 244 of his second notebook, Ramanujan recorded several remarkable
identities involving his theta function f(—¢). Among these, one particularly elegant identity
was noted by R. J. Evans to be the last proved in the second notebook. Motivated by these clas-
sical results, the present article investigates analogous identities associated with Ramanujan’s
other two well-known theta functions ¢(—q) and ¥(q).
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1 Introduction

For any two complex numbers a and ¢, with |¢| < 1, we define
(o]
(a;¢)00 := H(l —aq").

n=0

On page 197 of his second notebook [7], Ramanujan defined his theta function
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f(a,b) as
f(a,b) = Z an(n;l)bn(n;l), lab| < 1.

n=—oo

By the well known Jacobi’s triple product identity, we have
fla,b) = (—a; ab) oo (—b; ab) oo (ab; ab) oo,

The three well-known Ramanujan’s theta functions are

o) =Fflea)= Y 0" = (0% ).

ey = St (@)
U(q) = f(q,q)—nzoq = P

and

fa) =) = Y (D" = (@:0)

After Ramanujan, we define

X(@) = (-4 ¢*)oo-

For convenience, we set f, = f(—¢") and we call an identity involving the
function f(a,b) with ab = ¢* as a level-k theta function identity. On page 244
of his second notebook, Ramanujan recorded the following remarkable level-13
theta function identities involving one of his well-known theta function f(—gq):

_ f(—q®)
G1+Ge+G3+Gy1+Gs +Gg+ 1= —————,
q13 f(—q'3)
f*(=9)
G1G5 + G2G3 + G4G6 =-1- W’
1 1 1 A (=9)
b= d D
G1Gs  GaGsz  G4Ge qf*(—q'?)
. FA(=q)
—q
G1G3G4 + GoG5Gg = 3 + m,
where

. (i—2)(32z'6—7)—14 f(—q%, —q13_2i)

Gi=(-1'e f(=¢, —q3%)

(1.1)
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The identity follows from one of the general formula [2, p. 274] and for
proofs of the identities (1.2)—(L.4), one may refer to the works of R. J. Evans [4]
and J. N. O’Brien [6]. It is interesting to note that the identity is the last
identity proved in Ramanujan’s second notebook. Recently, a new and simple
proofs of the identities (1.2)—(1.4) are given by K. R. Vasuki and N. Prabhu in
[9].

Motivated by the above identities of Ramanujan, in the present article, We
aim to derive new identities involving Ramanujan’s theta functions ¢(—¢q) and
¥(q) that are analogous to the identities 7, and thereby extending the
spirit of Ramanujan’s work. We establish them in the next section of this article.

2 Main results

We begin this section by recalling the following well-known Bailey’s summa-
tion formula [I, Eq. 5]:
Lemma 2.1. We have

b aq

e o0 f(=ab, =) (==, =)
— aff(— ab a b _

n:zoo (1 _aq —Z f ( q) f2(_a7_5)f2(_b7_%)

(2.1)
The following theta function identity is the well known Weierstrass’ three-term
identity, appears in the works of Tannery and Molk [8, p. 160], see also [3] p. 66].

Lemma 2.2. We have
o ()1 (e 3) G (6 )
o D) (5 s () ()

o (= (450 ) (5, 4) -0

We now state and prove our main results of the present work.
Theorem 2.3. We have

o(—q7)

1+2(E1+E2+E3+E4+E5+E6):W,

1/ p*(—
FE\Es+ Eobg+ EyEs = 1 <m — 1), (2.4)
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and
1 1 1 1 f3f 7 2 \d
+ n - Mf2f173<13q2f?26+5+ ;22)
E\Es  ExEs  EiEs  2¢% fifsg f3 q° f36 (2.5)
1 ff’fi’3< ¢*(—q) _6+5<p2(—ql3)>
3297 fafag \P*(—q'3) i (=q) )’
where
36 f(—q, — % 25 —3,—23 16 _57_ 21
Elquf( 1 13 )7E2:_q13f( q 13q )7E3_q13f( 7 13q )7
p(—q'3) (—q"3) (—q"3)
7 19 .9 _ 17 11 15
E4:_q1%f( i )7E5:q%f( .4 ), CdeG:_q%f( a4 )
o(—q"3) e(—q'3) o(—q"3)

Proof. We have [2, p. 49]
2 el 2
80((]) _ gD(q" )_|_ qu f(qn(n—Qr)’qn(n-‘rQr))‘
r=1

Setting n = 13 in the above, then changing ¢ to —q%, and dividing the resulting
equation by ¢(—¢'?), we obtain the required identity (2.3)). By the definition of
©v(q), we have

o

2 2
Plg= >, ¢,

m,n=—00

which implies

Pa= > >

n=—00 2r+3s=n

We consider the thirteen cases for n, with n = 13m, 13m+1, 13m +2, 13m + 3,
13m £ 4, 13m £ 5, and 13m £ 6 by setting (r,s) = (2m + 3t,3m — 2t), (2m +
3t—1,3m—2t+1), 2m+3t+1,3m—2t—1), 2m+3t+1,3m—2t), (2m+ 3t —
1,3m —2t), (2m+3t,3m — 2t +1), (2m+3t, 3m — 2t — 1), (2m + 3t +2, 3m —2t),
(2m + 3t —2,3m —2t), (2m +3t+1,3m — 2t + 1), (2m+ 3t — 1,3m — 2t — 1),
(2m + 3t,3m — 2t + 2), and (2m + 3t,3m — 2t — 2) respectively in the above,
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and find that

00 )
2 2 2 2
(PQ(q) -9 Z q13m +13t*+4m+-6t+1 +2 Z q13m +13t*+6m+-4t+1

m,t=—00 m,t=—00
o0 o0
2 2 2 2
+2 § : q13m +13t°+2m—+10t+2 + 2 E : q13m +13t“+10m—+2t+2

m,t=—0o0 m,t=—0o0
o0 o
+2 Z q13m2+13t2+8m+12t+4 +92 Z q13m2+13t2+12m+8t+4

m,t=—00 m,t=—00
00
13m?2+13t2
+ Z q m*4 )
m,t=—00

On transforming the g-series on the right side of the above in terms of Ramanu-
jan’s theta function f(a,b), we find that

©* (@) = ¥*(q 13)+4qf(qg,q”)f(qﬂqlg)
+4¢%f(d" ) (@, ) + 44" (&, V) fa, ¢*).

Changing ¢ to —q in the above identity and then dividing the resulting equation
throughout by ¢?(—¢'?), we arrive at (2.4)). By the definitions of E/s and x(q),
we have
g Xma)
Er\EyE3E EsEg = —q &
X' (=¢")

Squaring on both sides of the identity (2.4 and using the above in the resulting
equation, we find that

1 n 1 n 1
BBy Esbig  E4Es

13 13 2 2 (2-6)

X(—Q) 2 2 2 2 2 2 1<80(—Q) )

==\ FEFfES+ E5E; + EfF: — — | ——5- — 1 .
2q7x(—Q)< S AN CAR)

Changing ¢ to ¢'3, then setting (a,b, c,d) = (¢%, ¢*, ¢>, ¢%) in Weierstrass’ three-
term identity (2.2), we have

f= =" (=, —d") f (=", —qg)f(—qﬁ,—f)
— f(=¢,—a") f(=q", —a°) f(—q )f(—q6,—q7)
=qf(—q,—¢") f(—¢*, —¢" )f( @, —¢")f(=¢°, —¢%).
Now, dividing the above identity by
af(—a,—a") f(=a*, =" (=, ") f (=", =) (=", —a®) f (=%, =),
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we obtain

_l’_

, (2.7)

™| =
2=

SERS

where o = ¢f(—¢,—¢'*) f(=¢°, —¢%), B = a¢f (—¢* —¢"") f(—¢*, —¢'°), and
v = f(=¢* —¢°) f(—¢% —¢"). From the above, it follows that

1 1 1 -3

— = - = =
B33 a3 apy

Multiplying (1.2) and (1.3), and then employing the above in the resulting
identity, we find that

1 3 3 3 f2(—Q) f4(—Q)
— (' + B —a’)=10+5 + : 2.8
aﬂv( ) af*(=¢") ~ @®fH(—q") 29
Also, from the identity , we have
B+v—a)=a®+ 5+ (2.9)
and
3_ 133, .3 3
(B+~y—a) =p"+7"—a’ + 3apy. (2.10)
Further, we observe that
aby = f(=q)f*(—4a") (2.11)

Efficiently employing the relations (2.9)—(2.11)) on the left side of the identity
(2.8), we obtain

2(_ 13 2 3
2 2 2 2 02 2 13 fA(=q") fA(=q) :
o’ + B+ =q5 [ (—q) 7 (—q (13q+5+ (2,12
COPCEIN\ BTy T e - B
Changing ¢ to ¢*°, then setting (a,b,¢,d) = (¢7%,¢".¢7*,¢"), (¢7°,¢% a7, ¢"?),
and (¢73,¢'%,¢72,¢'!) in (2.2) and on elementary simplification, respectively we
find that

20 2
272 « (q )

EyEg = ErE3 +QW7
*(¢*)

E2E2:E2E6+q B4(q ’

A o4 (—q'3)
and 0 o
7*(q%)

BiBs = Babls + 43 iy
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Adding the above three identities and employing (2.4]) and (2.12)) in the resulting

sum, we obtain
E}ES + F3E? + E3E2 =

2
1( v*(—q) _1> g (=) *(=¢*) <13q2f2(—q26) L5y S )3
4\ p*(—¢") ot (—=q"?) f2(=¢?) 7> f*(—q*%)
Employing the above in (2.6), we obtain the required result ({2.5). This com-
pletes the proof of Theorem O

Theorem 2.4. We have

Y(q1)
1+H1—|—H2+H3+H4+H5+H6:271q7, (213)
q134(q'3)
HHs + HyH; + HyHg = % —1, (2.14)
Y2 (q*?)
and
1 1 L B ) ¢*v*(¢"?)
+ + - 5 11 3.h2( 413 —6+5 2
H\Hs HyHz HiHg 2 fifis \@V*(¢'?) Y2(q)
05 £ 155 (1o s 72\
— 13q+5+> )
2 f2f173< fi qffs
(2.15)
where
12 2 11 3 10
o — JZq,qlg) CH, = fiq ,qw) L= fl(jq 7q13)’
q13(q!?) q139(q'3) q131(q!?)
4 9 5 8 6 7
Ho— qu ,ql) Hs = f;q ,ql), und He— flgq ,ql)'
q139Y(q'?) q139(q'3) q131(q"3)
Proof. We have [2, p. 49]
n—1
_ 1 r(r—1)/2 n(n—2r+1)/2 n(n+2r—1)/2
60 = 3 LA OO, e

Setting n = 13 in the above, then changing ¢ to qT13, and dividing the resulting
identity by 1 (¢'?), we arrive at (2.13)). By the definition of 1(q), we have

0
¢2 (Q) — Z q2mQ+2n2fmfn7

m,n=—00
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which implies

(o]
2 2
wQ(Q) _ Z Z q2r +2s —T—s
n=-—o00 2r+3s=n
We consider the thirteen cases for n, with n = 13m, 13m+1, 13m +2, 13m + 3,
13m 44, 13m £ 5, and 13m £ 6 by setting the values for (7, s) as in the proof
(2.4) on the right hand side series of the above, we find that

[e.e]

o0
2 _ 26m2+26t2 —5m—t 26m2+26t2 —m—21t+4
Pl = D q + ) g

m,t=—00 m,t=—o00
00

o
26m2+26t2— 19t4+4 26m 24262 11¢4+1
+ Z q6m+6t 9m+19t+ + Z q6m+6t+3m+ t+

o
Il

m,t=—00 m,t=—00

o
26m2426t2—13m—13t+3 + Z q26m2+26t2+7m—9t+1

+
M8
(=)

3
il
|
8

m,t=—00

oo
26m2+-26t2—17m+T7t+3 + Z q26m2+26t2+11m+23t+6

_l’_
“Mg
=)

g 1

m, [e%¢) m,t=—00

o0
+ Z q26m2+26t2—21m—25t+10+ Z q26m2+26t2+15m+3t+2

m,t=—00 m,t=—00
00 00

26m2+26t2—25m— 26m2+26t2+19m—1
+ Z q6m+6t 5m 5t+6+ Z q6m+6t+9m Tt+6

m,t=—00 m,t=—00

o
2 2_
+ § : q26m +26t<—29m+15t+10 )

m,t=—00

By combining the Entries 30(ii) and 30(iii) of Chap. 16 of Ramanujan’s second
notebook [7], we obtain

F(a,b) = f(a3b,ab®) + af (2 Za4b4> . (2.17)

On transforming the g-series on the right side of the above in terms of Ramanu-
jan’s theta function f(a,b), and then efficiently employing (2.17) in the resulting
identity, we find that

V2 (q) = V% (") + af(a.¢") (&, &)
+af(d® a'Mf(d d"°) + f(a*. ) f (% ).
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Dividing the above equation throughout by ¢3¢?(¢'3), we obtain (2.14)). By the
definitions of H/s and x(g), we observe that

X q
q"x(—q)
Squaring on both sides of the identity and using the above relation, we
find that
1 1 1
H1H5 + H2H3 + H4H6

¢ x(=q) (( W(—‘J)) - 1)2 — (HYHZ + H3H3 + HZHGZ))-

13(_ 13)

H\HyH3H HsHg =

(2.18)

2y 13(—¢13) \ \ ¢%(—¢"

Changing a to —a, ¢ to —c, and ¢ to ¢'3 in (2.2), then setting (a,b,c,d) =
(@4 a7 ¢, (¢7°,¢% a7 ¢"?) and (¢7°,¢'"%, ¢7%,¢') in the resulting iden-
tity respectively, we find that

2
H2H2 :H4H6+ o (Q) ’
P a®(q'?)
2
27172 B(q)
H2H3 - H1H5 + q6¢4(q13)7
and 2(,)
2772 7 \q

Adding the above three identities and employing (2.14]) and (2.12)) in the result-
ing sum, we obtain that

HYHE + HiHj + H{HE =

2
2 20N F2(_ 13 2(_ 13 2(_ 3
(00 1) 4 PEOPCE) (108000 5,10 )
**(q*?) a3 Y4(q13) af*(—q) ¢*f*(—=q"%)
Employing the above in (2.18)), we obtain our required result (2.15)). This com-
pletes the proof of Theorem [2.4] O
Theorem 2.5. We have
(- E E E
i(?;:1+8(2212 +2222 +2232
o (—q"?) H3(¢?)Ef(—q)  Hi(¢*)E5(—q)  H;(¢*)E5(—q) (2.19)
N Ey4 N Es N Es > '
H(¢*)E3(=q) ~ Hi(¢*)Eg(—q)  HE(¢))ER(=q))

where E; = E;(q)’s and H; = H;(q)’s are as defined in Theorem and
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Proof. We have [7, Chap. 17, Entry 8(ii), p. 209]

) ng"
4 q):1+8;1+(_q)n. (2.20)
From the above, we have
) =1+38 f: g f: et (2.21)
Z (1+ ¢2n)2 o (1+ g2nt1)2
We observe that
) g2+l o0 g20n+2r+1
Z (14 ¢2nt1)2 Z Z (1 4 ¢26nt2r+1)2”
n=0 n=0r= 0
which implies that
o0 2 o0 26n+13 o 6 q26n+2r=1

q
Z 1+q2n+1 nZ(l_i_q%n—&—li% > 1+q26n+27~ 0z’ (2.22)

n—oo7“l

Similarly, we find that

i e - i i 26: q26n+2r (2.23)
] (14 ¢2n)2 o ( + q26n S 1 1+ ¢26n+2r)2 :
Using 7, we have
g — o 4 i i ( g2 +2r - g2on+2r—1 >
1+ g2n+2r)2 ~ (1  g26n+2r—1)2

n=—oo r=1

(2.24)

Changing q to ¢¢ and then setting @ = —¢?" and b = —¢'~?" in the Bailey’s

summation formula (2.1)), and using the resulting identity on the right side of

(2.24), we obtain

13+47')

2r 13 _ 13—4r
o' (—q) — ¢*(—¢"*) = 8f%(~ Z ? f 27" 26 2r§§'g(qql3—27‘77ql3%-27’)

Finally, d1v1d1ng the above equation throughout by ¢*(—¢'3), we obtain the

required result ( . This completes the proof of Theorem 2.5} . O
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Theorem 2.6. We have
Vv (q) Hy Hz Hs; Hs H, H

¢S4 (¢13) =1+ E2 + E2 + E2 + E2 + E2 +E7g’
where E; = E;(q)’s and H; = H;(q)’s are as defined in Theorem and
Proof. We have [7, Chap. 16, Entry 25(vii), p. 198]

16qy*(¢°) = ©*(q) — ¥ (=), (2.26)
from which it follows that
16 (¢ (¢*) — ¢ " (¢*°)) = ™ (q) — <p4(q13) - (304(— ) —*(—¢"))

(2.25)

) ( 13— 4r 13+4r)

27”
6( flq
_Sf ZfQ 2r 26 2r) ( 13— 27" q13+2r)

)f( 13—4r _q13+47“)

6 q2rf
=81 Z 2r 26 2r)f2( 13=2r g13+2r)

which implies that
2(q¢"(¢*) — 40" (¢™))
6

— f5(—g®) ¢*" A(g,r)
= q E:fQ(QZT q26-2r) f2(—q13=2r | _qI3+2r) f2(g13-2r qI3+2ry’
T::l ) ) b

where

Alg,r) = f(a,¢) F(@" 1, M) (g2, )
_ f<_q13, _q13)f(_q1374r7 _q13+41“)f2(_q1372r’ _q13+2r)'
Changing a to —a, ¢ to —c, and ¢ to ¢%%, then setting a = ¢*", b = 1, c = ¢'372",

and d = ¢*37%" in ([2.2)), and using the resulting equation on the right hand side
of the above equation, we obtain

a* (¢%) — ¢ (%)

6 —ZTr T —4ar
— fﬁ(*q2 )w(q%)z q13 2 f(q4 ’q26 4 ) (2'27)
e F2(qI3-2r g342r) f2(—qi3-2r _g13+2r)’
From [7, Chap. 16, Entry 30(iv), p. 199], we have
f(av b)f(_a7 _b) = 2af(_a27 _b2)90(_ab)' (228)

Employing the identity on the right hand side of (2.27]), then dividing throughtout
by ¢'3¢*(¢?%) and finally replacing ¢ to ¢'/2 in the resulting equation, we obtain

(2.25). This completes the proof of Theorem O



112 K. R. Vasuki, N. Prabhu, S. Andia

References

[1] W. N. BAILEY: A further note on two of Ramanujan’s formulae, The Quart. J. Math.,
(3)1 (1952), 158-160.

B. C. BERNDT: Ramanugjan’s Notebooks, Part III, Springer-Verlag, New York, 1991.

ENEINENSEEI)

S. COOPER: Ramanugjan’s Theta Functions, Springer, New York, 2017.
R. J. Evans: Theta function identities, J. Math. Anal. Appl., 147 (1990), 97-121.
Z.-G. L1u: On certain identities of Ramanujan, J. Number Theory, 83(1) (2000), 59-75.

J. N. O’BRIEN: Some properties of partitions, with special reference to primes other than

5, 7 and 11, Doctoral thesis, Durham University (1965).

[7] S. RAMANUJAN: Notebooks (2 Volumes), Tata Institute of Fundamental Research, Bom-
bay, 1957.

[8] J. TANNERY and J. MOLK: Eléments de la théorie des fonctions elliptiques., Gauthier-

Villars and son, Paris, 1896.

[9] K. R. Vasukl and N. PrRABHU: Level-13 theta function identities of Ramanujan and
applications, Acta Arith., 219(1) (2025), 81-99.

Ut



	Introduction
	Main results
	 References

