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1 Introduction

For any two complex numbers a and q, with |q| < 1, we define

(a; q)∞ :=
∞∏
n=0

(1− aqn).

On page 197 of his second notebook [7], Ramanujan defined his theta function
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f(a, b) as

f(a, b) :=

∞∑
n=−∞

a
n(n+1)

2 b
n(n−1)

2 , |ab| < 1.

By the well known Jacobi’s triple product identity, we have

f(a, b) = (−a; ab)∞(−b; ab)∞(ab; ab)∞,

The three well-known Ramanujan’s theta functions are

ϕ(q) := f(q, q) =
∞∑

n=−∞
qn

2
= (−q; q2)2∞(q2; q2)∞,

ψ(q) := f(q, q3) =

∞∑
n=0

q
n(n+1)

2 =
(q2; q2)∞
(q; q2)∞

,

and

f(−q) := f(−q,−q2) =
∞∑

n=−∞
(−1)nq

n(3n+1)
2 = (q; q)∞.

After Ramanujan, we define

χ(q) := (−q; q2)∞.

For convenience, we set fn = f(−qn) and we call an identity involving the
function f(a, b) with ab = qk as a level-k theta function identity. On page 244
of his second notebook, Ramanujan recorded the following remarkable level-13
theta function identities involving one of his well-known theta function f(−q):

G1 +G2 +G3 +G4 +G5 +G6 + 1 =
f(−q

1
13 )

q
7
13 f(−q13)

, (1.1)

G1G5 +G2G3 +G4G6 = −1− f2(−q)
qf2(−q13)

, (1.2)

1

G1G5
+

1

G2G3
+

1

G4G6
= 4 +

f2(−q)
qf2(−q13)

, (1.3)

and

G1G3G4 +G2G5G6 = 3 +
f2(−q)

qf2(−q13)
, (1.4)

where

Gi = (−1)iq
(i−2)(3i−7)−14

26
f(−q2i,−q13−2i)
f(−qi,−q13−i)

.
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The identity (1.1) follows from one of the general formula [2, p. 274] and for
proofs of the identities (1.2)–(1.4), one may refer to the works of R. J. Evans [4]
and J. N. O’Brien [6]. It is interesting to note that the identity (1.3) is the last
identity proved in Ramanujan’s second notebook. Recently, a new and simple
proofs of the identities (1.2)–(1.4) are given by K. R. Vasuki and N. Prabhu in
[9].

Motivated by the above identities of Ramanujan, in the present article, We
aim to derive new identities involving Ramanujan’s theta functions ϕ(−q) and
ψ(q) that are analogous to the identities (1.1)–(1.4), and thereby extending the
spirit of Ramanujan’s work. We establish them in the next section of this article.

2 Main results

We begin this section by recalling the following well-known Bailey’s summa-
tion formula [1, Eq. 5]:

Lemma 2.1. We have

∞∑
n=−∞

aqn

(1− aqn)2
−

∞∑
n=−∞

bqn

(1− bqn)2
= af6(−q)

f(−ab,− q

ab
)f(− b

a
,−aq

b
)

f2(−a,−q
a

)f2(−b,−q
b

)
.

(2.1)

The following theta function identity is the well known Weierstrass’ three-term
identity, appears in the works of Tannery and Molk [8, p. 160], see also [3, p. 66].

Lemma 2.2. We have

cf
(
−ab,− q

ab

)
f

(
− b
a
,−aq

b

)
f
(
−cd,− q

cd

)
f

(
−d
c
,−cq

d

)
− bf

(
−ac,− q

ac

)
f
(
− c
a
,−aq

c

)
f
(
−bd,− q

bd

)
f

(
−d
b
,−bq

d

)
+ bf

(
−ad,− q

ad

)
f

(
−d
a
,−aq

d

)
f
(
−bc,− q

bc

)
f

(
−c
b
,−bq

c

)
= 0.

(2.2)

We now state and prove our main results of the present work.

Theorem 2.3. We have

1 + 2 (E1 + E2 + E3 + E4 + E5 + E6) =
ϕ(−q

1
13 )

ϕ(−q13)
, (2.3)

E1E3 + E2E6 + E4E5 =
1

4

(
ϕ2(−q)
ϕ2(−q13)

− 1

)
, (2.4)
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and

1

E1E3
+

1

E2E6
+

1

E4E5
=

1

2q
14
3

f32 f
5
13

f1f726

(
13q2

f226
f22

+ 5 +
f22
q2f226

) 2
3

− 1

32q7
f31 f

9
13

f2f1126

(
ϕ2(−q)
ϕ2(−q13)

− 6 + 5
ϕ2(−q13)
ϕ2(−q)

)
,

(2.5)

where

E1 = q
36
13
f(−q,−q25)
ϕ(−q13)

, E2 = −q
25
13
f(−q3,−q23)
ϕ(−q13)

, E3 = q
16
13
f(−q5,−q21)
ϕ(−q13)

,

E4 = −q
9
13
f(−q7,−q19)
ϕ(−q13)

, E5 = q
4
13
f(−q9,−q17)
ϕ(−q13)

, and E6 = −q
1
13
f(−q11,−q15)
ϕ(−q13)

.

Proof. We have [2, p. 49]

ϕ(q) = ϕ(qn
2
) +

n−1∑
r=1

qr
2
f(qn(n−2r), qn(n+2r)).

Setting n = 13 in the above, then changing q to −q
1
13 , and dividing the resulting

equation by ϕ(−q13), we obtain the required identity (2.3). By the definition of
ϕ(q), we have

ϕ2(q) =

∞∑
m,n=−∞

qm
2+n2

,

which implies

ϕ2(q) =
∞∑

n=−∞

∑
2r+3s=n

qr
2+s2 .

We consider the thirteen cases for n, with n = 13m, 13m±1, 13m±2, 13m±3,
13m ± 4, 13m ± 5, and 13m ± 6 by setting (r, s) = (2m + 3t, 3m − 2t), (2m +
3t−1, 3m−2t+1), (2m+3t+1, 3m−2t−1), (2m+3t+1, 3m−2t), (2m+3t−
1, 3m−2t), (2m+3t, 3m−2t+1), (2m+3t, 3m−2t−1), (2m+3t+2, 3m−2t),
(2m+ 3t− 2, 3m− 2t), (2m+ 3t+ 1, 3m− 2t+ 1), (2m+ 3t− 1, 3m− 2t− 1),
(2m + 3t, 3m − 2t + 2), and (2m + 3t, 3m − 2t − 2) respectively in the above,
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and find that

ϕ2(q) = 2
∞∑

m,t=−∞
q13m

2+13t2+4m+6t+1 + 2
∞∑

m,t=−∞
q13m

2+13t2+6m+4t+1

+ 2
∞∑

m,t=−∞
q13m

2+13t2+2m+10t+2 + 2
∞∑

m,t=−∞
q13m

2+13t2+10m+2t+2

+ 2
∞∑

m,t=−∞
q13m

2+13t2+8m+12t+4 + 2
∞∑

m,t=−∞
q13m

2+13t2+12m+8t+4

+
∞∑

m,t=−∞
q13m

2+13t2 .

On transforming the q-series on the right side of the above in terms of Ramanu-
jan’s theta function f(a, b), we find that

ϕ2(q) = ϕ2(q13) + 4qf(q9, q17)f(q7, q19)

+ 4q2f(q11, q15)f(q3, q23) + 4q4f(q5, q21)f(q, q25).

Changing q to −q in the above identity and then dividing the resulting equation
throughout by ϕ2(−q13), we arrive at (2.4). By the definitions of E′is and χ(q),
we have

E1E2E3E4E5E6 = −q7 χ(−q)
χ13(−q13)

.

Squaring on both sides of the identity (2.4) and using the above in the resulting
equation, we find that

1

E1E3
+

1

E2E6
+

1

E4E5

=
χ13(−q13)
2q7χ(−q)

(
E2

1E
2
3 + E2

2E
2
6 + E2

4E
2
5 −

1

16

(
ϕ2(−q)
ϕ2(−q13)

− 1

)2
)
.

(2.6)

Changing q to q13, then setting (a, b, c, d) = (q2, q4, q3, q6) in Weierstrass’ three-
term identity (2.2), we have

f(−q2,−q11)f(−q3,−q10)f(−q4,−q9)f(−q6,−q7)
− f(−q,−q12)f(−q4,−q9)f(−q5,−q8)f(−q6,−q7)

= qf(−q,−q12)f(−q2,−q11)f(−q3,−q10)f(−q5,−q8).

Now, dividing the above identity by

qf(−q,−q12)f(−q2,−q11)f(−q3,−q10)f(−q4,−q9)f(−q5,−q8)f(−q6,−q7),



106 K. R. Vasuki, N. Prabhu, S. Andia

we obtain
1

α
=

1

β
+

1

γ
, (2.7)

where α = qf(−q,−q12)f(−q5,−q8), β = qf(−q2,−q11)f(−q3,−q10), and
γ = f(−q4,−q9)f(−q6,−q7). From the above, it follows that

1

β3
+

1

γ3
− 1

α3
=
−3

αβγ
.

Multiplying (1.2) and (1.3), and then employing the above in the resulting
identity, we find that

1

αβγ
(γ3 + β3 − α3) = 10 + 5

f2(−q)
qf2(−q13)

+
f4(−q)

q2f4(−q13)
. (2.8)

Also, from the identity (2.7), we have

(β + γ − α)2 = α2 + β2 + γ2 (2.9)

and
(β + γ − α)3 = β3 + γ3 − α3 + 3αβγ. (2.10)

Further, we observe that

αβγ = q2f(−q)f5(−q13) (2.11)

Efficiently employing the relations (2.9)–(2.11) on the left side of the identity
(2.8), we obtain

α2 + β2 + γ2 = q
2
3 f2(−q)f2(−q13)

(
13q

f2(−q13)
f2(−q)

+ 5 +
f2(−q)

qf2(−q13)

) 2
3

. (2.12)

Changing q to q26, then setting (a, b, c, d) = (q−6, q7, q−4, q9), (q−5, q8, q−1, q12),
and (q−3, q10, q−2, q11) in (2.2) and on elementary simplification, respectively we
find that

E2
2E

2
6 = E1E3 + q

α2(q2)

ϕ4(−q13)
,

E2
4E

2
5 = E2E6 + q

β2(q2)

ϕ4(−q13)
,

and

E2
1E

2
3 = E4E5 + q

γ2(q2)

ϕ4(−q13)
.
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Adding the above three identities and employing (2.4) and (2.12) in the resulting
sum, we obtain

E2
1E

2
3 + E2

2E
2
6 + E2

4E
2
5 =

1

4

(
ϕ2(−q)
ϕ2(−q13)

− 1

)
+ q

7
3
f2(−q2)f2(−q26)

ϕ4(−q13)

(
13
q2f2(−q26)
f2(−q2)

+ 5 +
f2(−q2)

q2f2(−q26)

) 2
3

.

Employing the above in (2.6), we obtain the required result (2.5). This com-
pletes the proof of Theorem 2.3. �

Theorem 2.4. We have

1 +H1 +H2 +H3 +H4 +H5 +H6 =
ψ(q

1
13 )

q
21
13ψ(q13)

, (2.13)

H1H5 +H2H3 +H4H6 =
ψ2(q)

q3ψ2(q13)
− 1, (2.14)

and

1

H1H5
+

1

H2H3
+

1

H4H6
=
q4

2

f32 f
9
26

f1f1113

(
ψ2(q)

q3ψ2(q13)
− 6 + 5

q3ψ2(q13)

ψ2(q)

)
− q

5
3

2

f31 f
5
26

f2f713

(
13q

f213
f21

+ 5 +
f21
qf213

) 2
3

,

(2.15)

where

H1 =
f(q, q12)

q
6
13ψ(q13)

, H2 =
f(q2, q11)

q
11
13ψ(q13)

, H3 =
f(q3, q10)

q
15
13ψ(q13)

,

H4 =
f(q4, q9)

q
18
13ψ(q13)

, H5 =
f(q5, q8)

q
20
13ψ(q13)

, and H6 =
f(q6, q7)

q
21
13ψ(q13)

.

Proof. We have [2, p. 49]

ψ(q) =
1

2

n−1∑
r=0

qr(r−1)/2f(qn(n−2r+1)/2, qn(n+2r−1)/2). (2.16)

Setting n = 13 in the above, then changing q to q
1
13 , and dividing the resulting

identity by ψ(q13), we arrive at (2.13). By the definition of ψ(q), we have

ψ2(q) =
∞∑

m,n=−∞
q2m

2+2n2−m−n,
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which implies

ψ2(q) =
∞∑

n=−∞

∑
2r+3s=n

q2r
2+2s2−r−s.

We consider the thirteen cases for n, with n = 13m, 13m±1, 13m±2, 13m±3,
13m ± 4, 13m ± 5, and 13m ± 6 by setting the values for (r, s) as in the proof
(2.4) on the right hand side series of the above, we find that

ψ2(q) =
∞∑

m,t=−∞
q26m

2+26t2−5m−t +
∞∑

m,t=−∞
q26m

2+26t2−m−21t+4

+
∞∑

m,t=−∞
q26m

2+26t2−9m+19t+4 +
∞∑

m,t=−∞
q26m

2+26t2+3m+11t+1

+
∞∑

m,t=−∞
q26m

2+26t2−13m−13t+3 +
∞∑

m,t=−∞
q26m

2+26t2+7m−9t+1

+
∞∑

m,t=−∞
q26m

2+26t2−17m+7t+3 +
∞∑

m,t=−∞
q26m

2+26t2+11m+23t+6

+

∞∑
m,t=−∞

q26m
2+26t2−21m−25t+10 +

∞∑
m,t=−∞

q26m
2+26t2+15m+3t+2

+

∞∑
m,t=−∞

q26m
2+26t2−25m−5t+6 +

∞∑
m,t=−∞

q26m
2+26t2+19m−17t+6

+

∞∑
m,t=−∞

q26m
2+26t2−29m+15t+10.

By combining the Entries 30(ii) and 30(iii) of Chap. 16 of Ramanujan’s second
notebook [7], we obtain

f(a, b) = f(a3b, ab3) + af

(
b

a
,
a

b
a4b4

)
. (2.17)

On transforming the q-series on the right side of the above in terms of Ramanu-
jan’s theta function f(a, b), and then efficiently employing (2.17) in the resulting
identity, we find that

ψ2(q) = q3ψ2(q13) + qf(q, q12)f(q5, q8)

+ qf(q2, q11)f(q3, q10) + f(q4, q9)f(q6, q7).
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Dividing the above equation throughout by q3ψ2(q13), we obtain (2.14). By the
definitions of H ′is and χ(q), we observe that

H1H2H3H4H5H6 =
χ13(−q13)
q7χ(−q)

.

Squaring on both sides of the identity (2.14) and using the above relation, we
find that

1

H1H5
+

1

H2H3
+

1

H4H6

=
q7χ(−q)

2χ13(−q13)

((
ψ2(−q)
ψ2(−q13)

− 1

)2

− (H2
1H

2
5 +H2

2H
2
3 +H2

4H
2
6 )

)
.

(2.18)

Changing a to −a, c to −c, and q to q13 in (2.2), then setting (a, b, c, d) =
(q−6, q7, q−4, q9), (q−5, q8, q−1, q12) and (q−3, q10, q−2, q11) in the resulting iden-
tity respectively, we find that

H2
1H

2
5 = H4H6 +

α2(q)

q6ψ4(q13)
,

H2
2H

2
3 = H1H5 +

β2(q)

q6ψ4(q13)
,

and

H2
4H

2
6 = H2H3 +

γ2(q)

q6ψ4(q13)
.

Adding the above three identities and employing (2.14) and (2.12) in the result-
ing sum, we obtain that

H2
1H

2
5 +H2

2H
2
3 +H2

4H
2
6 =

4

(
ψ2(q)

q3ψ2(q13)
− 1

)
+
f2(−q)f2(−q13)
q

16
3 ψ4(q13)

(
13
f2(−q13)
qf2(−q)

+ 5 +
f2(−q)

q2f2(−q13)

) 2
3

.

Employing the above in (2.18), we obtain our required result (2.15). This com-
pletes the proof of Theorem 2.4. �

Theorem 2.5. We have

ϕ4(−q)
ϕ4(−q13)

= 1 + 8

(
E1

H2
3 (q2)E2

4(−q)
+

E2

H2
4 (q2)E2

3(−q)
+

E3

H2
2 (q2)E2

5(−q)

+
E4

H2
5 (q2)E2

2(−q)
+

E5

H2
1 (q2)E2

6(−q)
+

E6

H2
6 (q2)E2

1(−q)

)
,

(2.19)

where Ei = Ei(q)’s and Hi = Hi(q)’s are as defined in Theorem 2.3 and 2.4.
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Proof. We have [7, Chap. 17, Entry 8(ii), p. 209]

ϕ4(q) = 1 + 8

∞∑
n=1

nqn

1 + (−q)n
. (2.20)

From the above, we have

ϕ4(−q) = 1 + 8
∞∑
n=1

q2n

(1 + q2n)2
− 8

∞∑
n=0

q2n+1

(1 + q2n+1)2
. (2.21)

We observe that

∞∑
n=0

q2n+1

(1 + q2n+1)2
=

∞∑
n=0

12∑
r=0

q26n+2r+1

(1 + q26n+2r+1)2
,

which implies that

∞∑
n=0

q2n+1

(1 + q2n+1)2
−
∞∑
n=0

q26n+13

(1 + q26n+13)2
=

∞∑
n=−∞

6∑
r=1

q26n+2r−1

(1 + q26n+2r−1)2
. (2.22)

Similarly, we find that

∞∑
n=0

q2n

(1 + q2n)2
−
∞∑
n=0

q26n

(1 + q26n)2
=

∞∑
n=−∞

6∑
r=1

q26n+2r

(1 + q26n+2r)2
. (2.23)

Using (2.21)–(2.23), we have

ϕ4(−q)− ϕ4(−q13) = 8
∞∑

n=−∞

6∑
r=1

(
q26n+2r

(1 + q26n+2r)2
− q26n+2r−1

(1 + q26n+2r−1)2

)
.

(2.24)

Changing q to q26 and then setting a = −q2r and b = −q13−2r in the Bailey’s
summation formula (2.1), and using the resulting identity on the right side of
(2.24), we obtain

ϕ4(−q)− ϕ4(−q13) = 8f6(−q26)
6∑

r=1

q2rf(−q13,−q13)f(−q13−4r,−q13+4r)

f2(q2r, q26−2r)f2(q13−2r, q13+2r)
.

Finally, dividing the above equation throughout by ϕ4(−q13), we obtain the
required result (2.19). This completes the proof of Theorem 2.5. �
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Theorem 2.6. We have

ψ4(q)

q6ψ4(q13)
= 1 +

H1

E2
1

+
H3

E2
2

+
H5

E2
3

+
H6

E2
4

+
H4

E2
5

+
H2

E2
6

, (2.25)

where Ei = Ei(q)’s and Hi = Hi(q)’s are as defined in Theorem 2.3 and 2.4.

Proof. We have [7, Chap. 16, Entry 25(vii), p. 198]

16qψ4(q2) = ϕ4(q)− ϕ4(−q), (2.26)

from which it follows that

16
(
qψ4(q2)− q13ψ4(q26)

)
= ϕ4(q)− ϕ4(q13)−

(
ϕ4(−q)− ϕ4(−q13)

)
= 8f6(−q26)

6∑
r=1

q2rf(q13, q13)f(q13−4r, q13+4r)

f2(q2r, q26−2r)f2(−q13−2r,−q13+2r)

− 8f6(−q26)
6∑

r=1

q2rf(−q13,−q13)f(−q13−4r,−q13+4r)

f2(q2r, q26−2r)f2(q13−2r, q13+2r)
,

which implies that

2
(
qψ4(q2)− q13ψ4(q26)

)
= f6(−q26)

6∑
r=1

q2rA(q, r)

f2(q2r, q26−2r)f2(−q13−2r,−q13+2r)f2(q13−2r, q13+2r)
,

where

A(q, r) = f(q13, q13)f(q13−4r, q13+4r)f2(q13−2r, q13+2r)

− f(−q13,−q13)f(−q13−4r,−q13+4r)f2(−q13−2r,−q13+2r).

Changing a to −a, c to −c, and q to q26, then setting a = q2r, b = 1, c = q13−2r,
and d = q13−2r in (2.2), and using the resulting equation on the right hand side
of the above equation, we obtain

qψ4(q2)− q13ψ4(q26)

= f6(−q26)ψ(q26)
6∑

r=1

q13−2rf(q4r, q26−4r)

f2(q13−2r, q13+2r)f2(−q13−2r,−q13+2r)
,

(2.27)

From [7, Chap. 16, Entry 30(iv), p. 199], we have

f(a, b)f(−a,−b) = 2af(−a2,−b2)ϕ(−ab). (2.28)

Employing the identity on the right hand side of (2.27), then dividing throughtout
by q13ψ4(q26) and finally replacing q to q1/2 in the resulting equation, we obtain
(2.25). This completes the proof of Theorem 2.6. �
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[8] J. Tannery and J. Molk: Éléments de la théorie des fonctions elliptiques., Gauthier-
Villars and son, Paris, 1896.

[9] K. R. Vasuki and N. Prabhu: Level-13 theta function identities of Ramanujan and
applications, Acta Arith., 219(1) (2025), 81–99.


	Introduction
	Main results
	 References

