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Abstract. We investigate mixed types of not only regular curves but also curves with singular
points in Lorentz-Minkowski 3-space. In order to consider mixed type of curves with singular
points, we consider the lightcone frame and lightcone framed curves. Using lightcone frame,
we can investigate Bertrand types for lightcone framed curves, so-called Bertrand lightcone
framed curves. We clarify that the existence conditions of Bertrand lightcone framed curves in
all cases. As a consequence, we find psedo-circular involutes and evolutes of mixed type curves
which appear as Bertrand lightcone framed curves.
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Introduction

Bertrand and Mannheim curves are classical objects in differential geometry
([1, 2, 3, 4, 6, 10, 16, 18]). A Bertrand (respectively, Mannheim) curve in Eu-
clidean 3-space is a space curve whose principal normal line is the same as the
principal normal (respectively, bi-normal) line of another curve. By definition,
another curve is a parallel curve with respect to the direction of the princi-
pal normal vector. In [9], they investigated the conditions of the Bertrand and
Mannheim curves of non-degenerate curves and framed curves. Moreover, we
investigated the other cases, that is, a space curve whose tangent (or, principal
normal, bi-normal) line is the same as the tangent (or, principal normal, bi-
normal) line of another curve, respectively. We say that a Bertrand type curve
if there exists such another curve. We investigated the existence conditions of
Bertrand type curves in all cases in [14]. Moreover, we also investigated curves
with singular points. As smooth curves with singular points, it is useful to use
the framed curves in Euclidean space (cf. [8]). We investigated the existence
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conditions of the Bertrand framed curves (Bertrand types of framed curves) in
all cases in [14].

For a non-lightlike non-degenerate curve, we have the arc-length param-
eter and the Frenet-Serret type formula by using a moving frame like a non-
degenerate space curve in Euclidean space. It follows that we have the curvature
of a non-lightlike non-degenerate curve (cf. [13, 15]).

In [19], they investigated the necessary and sufficient conditions for time-
like Bertrand curves in Lorentz-Minkowski 3-space. In [7], they investigated the
necessary and sufficient conditions for spacelike Bertrand curves with non-null
normal vectors in Lorentz-Minkowski 3-space. Also see in [20]. In [2], they in-
vestigated the necessary and sufficient conditions for null (lightlike) Bertrand
curves in Lorentz-Minkowski 3-space.

Even if a curve is regular, an associated curve may be of mixed type and
have singular points. In this paper, we investigate mixed types of not only reg-
ular curves but also curves with singular points in Lorentz-Minkowski 3-space.
In order to consider mixed types of curves with singular points, we consider
the lightcone frame and lightcone framed curves (cf. [5]). Using the lightcone
frame, we can investigate Bertrand lightcone framed curves. We investigate a
space curve whose lightlike (or, spacelike, timelike) vector is the same as the
lightlike (or, spacelike, timelike) vector of another curve, respectively. We say
that Bertrand lightcone framed curves if there exists such another curve. In §3,
we clarify that the existence conditions of Bertrand lightcone framed curves in
all cases. As we are investigating mixed types, all previous conditions can be
restored if they are appropriately restricted.

As a consequence, we find psedo-circular evolutes and involutes of mixed
type curves which appear as Bertrand lightcone framed curves (Theorems 2.2,
2.5 and 2.23). Therefore, it is useful to find new lightcone framed curves by
using Bertrand lightcone framed curves.

We shall assume throughout the whole paper that all maps and manifolds
are C∞ unless the contrary is explicitly stated.

1 Preliminaries

We review the theory of lightcone framed curves in Lorentz-Minkowski 3-
space. For details see in [5].

1.1 Lorentz-Minkowski 3-space

The Lorentz-Minkowski space R3
1 is the space R3 endowed with the metric

induced by the pseudo-scalar product 〈x,y〉 = −x1y1 + x2y2 + x3y3, where
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x = (x1, x2, x3) and y = (y1, y2, y3). We say that a non-zero vector x ∈ R3
1

is spacelike if 〈x,x〉 > 0, lightlike if 〈x,x〉 = 0, and timelike if 〈x,x〉 < 0
respectively. The norm of a vector x ∈ R3

1 is defined by ||x|| =
√
|〈x,x〉|. For

any x = (x1, x2, x3),y = (y1, y2, y3) ∈ R3
1, we define a vector x ∧ y by

x ∧ y = det

 −e1 e2 e3

x1 x2 x3

y1 y2 y3

 ,

where {e1, e2, e3} is the canonical basis of R3
1. For any w ∈ R3

1, we can easily
check that 〈w,x ∧ y〉 = det(w,x,y), so that x ∧ y is pseudo-orthogonal to
both x and y. Moreover, if x is a unit timelike vector, y is a unit spacelike
vector and 〈x,y〉 = 0, x ∧ y = z, then by a straightforward calculation we
have z ∧ x = y, y ∧ z = −x. We define hyperbolic 2-space, de Sitter 2-space or
lightcone by

H2(−1) = {x ∈ R3
1 | 〈x,x〉 = −1},

S2
1 = {x ∈ R3

1 | 〈x,x〉 = 1},
LC∗ = {x ∈ R3

1 \ {0} | 〈x,x〉 = 0}.

If x = (x0, x1, x2) is a non-zero lightlike vector, then x0 6= 0. Therefore, we have

x̃ =

(
1,
x1

x0
,
x2

x0

)
∈ S1

+ = {x = (x0, x1, x2) ∈ LC∗| x0 = 1}.

We call S1
+ the lightcone circle. In this paper, we consider two double Legendrian

fibrations (cf. [11]):

(1) ∆1 = {(v,w) ∈ H2(−1)× S2
1 | 〈v,w〉 = 0},

π11 : ∆1 → H2(−1), π11(v,w) = v, π12 : ∆1 → S2
1 , π12(v,w) = w,

θ11 = 〈dv,w〉|∆1 , θ12 = 〈v, dw〉|∆1 .

(2) ∆4 = {(v,w) ∈ LC∗ × LC∗ | 〈v,w〉 = −2},
π41 : ∆1 → LC∗, π41(v,w) = v, π42 : ∆1 → LC∗, π42(v,w) = w,

θ41 = 〈dv,w〉|∆4 , θ42 = 〈v, dw〉|∆4 .

Note that Φ : ∆4 → ∆1,Φ(v,w) = ((v + w)/2, (v −w)/2) is a contact diffeo-
morphsim.

Let O(1, 2) be the Lorentz group which consists of square matrices A of
order 3 such that tAZA = Z, where

Z := diag(−1, 1, 1) =

 −1 0 0
0 1 0
0 0 1

 .
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We set SO(1, 2) as SO(1, 2) := {A ∈ O(1, 2) | detA = 1}. For vectors a, b ∈ R3
1

and A ∈ SO(1, 2), we have 〈a, b〉 = 〈A(a), A(b)〉, A(a ∧ b) = A(a) ∧A(b).

1.2 Lightcone framed curves

In order to investigate mixed type of curves in Lorentz-Minkowski space, we
introduce the lightcone frame.

Definition 1.1 ([5]). Let (γ, `+, `−) : I → R3
1 ×∆4 be a smooth mapping.

We say that (γ, `+, `−) is a lightcone framed curve if there exist smooth functions
α, β : I → R such that γ̇(t) = α(t)`+(t) + β(t)`−(t) for all t ∈ I. We also
say that γ is a lightcone framed base curve if there exists a smooth mapping
(`+, `−) : I → ∆4 such that (γ, `+, `−) : I → R3

1 × ∆4 is a lightcone framed
curve.

Since (`+, `−) : I → ∆4, we have

〈`+(t), `+(t)〉 = 0, 〈`−(t), `−(t)〉 = 0, 〈`+(t), `−(t)〉 = −2

for all t ∈ I. By γ̇(t) = α(t)`+(t) + β(t)`−(t), 〈γ̇(t), γ̇(t)〉 = −4α(t)β(t). There-
fore, γ is spacelike, lightlike, or timelike at t if α(t)β(t) < 0, α(t)β(t) = 0 with
α(t) 6= 0 or β(t) 6= 0, or α(t)β(t) > 0, respectively. Moreover, t is a singular
point of γ if and only if α(t) = β(t) = 0.

We denote (nT ,nS) : I → ∆1,

nT (t) =
`+(t) + `−(t)

2
, nS(t) =

`+(t)− `−(t)

2
.

We define n : I → S2
1 ,n(t) = nT (t) ∧ nS(t) = −(1/2)`+(t) ∧ `−(t). Then

{nT (t),nS(t),n(t)} is a pseudo-orthonormal frame of γ(t). We say that
{`+(t), `−(t),n(t)} is a lightcone frame of γ(t). Note that the lightcone frame is
not a pseudo-orthonormal frame. By a direct calculation, we have ˙`+(t)

˙`−(t)
ṅ(t)

 =

 κ1(t) 0 2κ3(t)
0 −κ1(t) 2κ2(t)

κ2(t) κ3(t) 0

 `+(t)
`−(t)
n(t)

 ,

γ̇(t) = α(t)`+(t) + β(t)`−(t).

We call (κ1, κ2, κ3, α, β) a (lightcone) curvature of the lightcone framed curve
(γ, `+, `−) : I → R3

1 ×∆4.
On the other hand, we have ṅT (t)

ṅS(t)
ṅ(t)

 =

 0 κ1(t) κT (t)
κ1(t) 0 −κS(t)
κT (t) κS(t) 0

 nT (t)
nS(t)
n(t)

 ,

γ̇(t) = a(t)nT (t) + b(t)nS(t),
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where κT = κ2 + κ3, κ
S = κ2 − κ3, a = α+ β and b = α− β.

In [5], we proved existence and uniqueness theorem for a special frame. We
can also prove the general case by the similar arguments, we omit it.

Theorem 1.2 (Existence theorem for lightcone framed curves). Let (κ1, κ2,
κ3, α, β) : I → R5 be a smooth mapping. There exists a lightcone framed curve
(γ, `+, `−) : I → R3

1 ×∆4 such that the curvature is (κ1, κ2, κ3, α, β).

Definition 1.3. We say that (γ, `+, `−) and (γ, `
+
, `
−

) : I → R3
1 ×∆4 are

congruent as lightcone framed curves if there exist A ∈ SO(1, 2) and a ∈ R3
1

such that γ(t) = A(γ(t)) + a, `
+

(t) = A(`+(t)), `
−

(t) = A(`−(t)) for all t ∈ I.

Theorem 1.4 (Uniqueness theorem for lightcone framed curves). Let (γ, `+,

`−) and (γ, `
+
, `
−

) : I → R3
1 ×∆4 be lightcone framed curves with curvatures

(κ1, κ2, κ3, α, β) and (κ1, κ2, κ3, α, β), respectively. (γ, `+, `−) and (γ, `
+
, `
−

)
are congruent as lightcone framed curves if and only if (κ1, κ2, κ3, α, β) =
(κ1, κ2, κ3, α, β).

Proposition 1.5. Let (γ, `+, `−) : I → R3
1×∆4 be a lightcone framed curve

with curvature (κ1, κ2, κ3, α, β). Then (γ, `−, `+) is also a lightcone framed curve
with the curvature (−κ1,−κ3,−κ2, β, α).

We consider a special lightcone frame. We denote `
+

(t) = (1/c(t))`+(t) and

`
−

(t) = c(t)`−(t), where c : I → R is a non-zero function. By a direct calculation,

we have `
+

(t)∧ `−(t) = `+(t)∧ `−(t) = −2n(t). Then {`+(t), `
−

(t),n(t)} is also
a lightcone frame of γ(t). By a direct calculation, we have

˙
`
+

(t)
˙
`
−

(t)
ṅ(t)

 =

 κ1(t) 0 2κ3(t)
0 −κ1(t) 2κ2(t)

κ2(t) κ3(t) 0


 `

+
(t)

`
−

(t)
n(t)

 ,

γ̇(t) = α(t)`
+

(t) + β(t)`
−

(t),

where

κ1(t) =
−ċ(t) + c(t)κ1(t)

c2(t)
, κ2(t) = c(t)κ2(t), κ3(t) =

κ3(t)

c(t)
,

α(t) = c(t)α(t), β(t) =
β(t)

c(t)
.

If we take ċ(t) = c(t)κ1(t), that is, c(t) = Ae
∫
κ1(t)dt, where A is a constant,

then κ1(t) = 0. Hence, we can always take κ1(t) = 0. We say that the lightcone

frame {`+(t), `
−

(t),n(t)} with κ1(t) = 0 is an adapted frame.
Moreover, we consider a special lightcone frame (cf. [12]). Let (γ, `+, `−) :

I → R3
1 × ∆4 be a lightcone framed curve, where `+ and `− : I → S1

+. Then
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there exists a smooth function θ : I → R such that

`+(t) = (1, cos θ(t), sin θ(t)), `−(t) = (1,− cos θ(t),− sin θ(t)).

Therefore, n(t) = −(1/2)`+(t) ∧ `−(t) = (0,− sin θ(t), cos θ(t)). We call the
above lightcone frame {`+(t), `−(t),n(t)} a lightcone circle frame of γ(t). By a
direct calculation, we have ˙`+(t)

˙`−(t)
ṅ(t)

 =

 0 0 θ̇(t)

0 0 −θ̇(t)
−θ̇(t)/2 θ̇(t)/2 0

 `+(t)
`−(t)
n(t)

 ,

γ̇(t) = α(t)`+(t) + β(t)`−(t).

In this case, the curvature is given by (0,−θ̇(t)/2, θ̇(t)/2, α(t), β(t)). In [12],
(α, β, θ) is called a lightcone semi-polar coordinate. and evolutes of a mixed
type curve are investigated by using lightcone circle frame of γ.

2 Bertrand types of lightcone framed curves

Let (γ, `+, `−) and (γ, `
+
, `
−

) : I → R3
1 × ∆4 be lightcone framed curves

with curvatures (κ1, κ2, κ3, α, β) and (κ1, κ2, κ3, α, β). Moreover, {`+, `−,n} and

{`+, `−,n} are the lightcone frames, {nT ,nS ,n} and {nT ,nS ,n} are the psedo-
orthonormal frames of γ and γ, respectively.

Definition 2.1. We say that (γ, `+, `−) and (γ, `
+
, `
−

) are (v,w)-mates
if there exists a smooth function λ : I → R with λ 6≡ 0 such that γ(t) =
γ(t) + λ(t)v(t) and v(t) = w(t) for all t ∈ I, where v is one of `+, `−,nT ,nS ,n

and w is one of `
+
, `
−
,nT ,nS ,n, respectively.

We also say that (γ, `+, `−) is a (v,w)-Bertrand lightcone framed curve (or,
(v,w)-Bertrand-Mannheim lightcone framed curve) if there exists another light-

cone framed curve (γ, `
+
, `
−

) such that (γ, `+, `−) and (γ, `
+
, `
−

) are (v,w)-
mates.

Note that λ 6≡ 0 means that {t ∈ I|λ(t) 6= 0} is a dense subset of I. Then λ
is not identically zero for any non-trivial subintervals of I. It follows that γ and
γ are different space curves for any non-trivial subintervals of I. By definition,
v and w are the same causal type. If the both vectors are lightlike, timelike
or spacelike, then we say that (γ, `+, `−) and (γ, `

+
, `
−

) are lightlike mates,
timelike mates or spacelike mates, respectively. Since `+ and `− are lightlike,
nT is a timelike, n and nS are spacelike vectors, lightlike mates are four cases,
timelike mates is one case, and spacelike mates are four cases.

We clarify that the existence conditions of Bertrand lightcone framed curves
in all cases.
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2.1 Lightlike mates

Firstly, we consider lightlike mates. There are four cases. Let (γ, `+, `−) :
I → R3

1 ×∆4 be a lightcone framed curve with curvature (κ1, κ2, κ3, α, β).

Theorem 2.2. (γ, `+, `−) : I → R3
1 ×∆4 is an (`+, `

+
)-Bertrand lightcone

framed curve if and only if there exist smooth functions λ, k : I → R with λ 6≡ 0
such that k(t)β(t) = λ(t)κ3(t) for all t ∈ I.

Proof. Suppose that (γ, `+, `−) : I → R3
1×∆4 is an (`+, `

+
)-Bertrand lightcone

framed curve. Then there exists another lightcone framed curve (γ, `
+
, `
−

) such

that (γ, `+, `−) and (γ, `
+
, `
−

) are (`+, `
+

)-mates, that is, there exists a smooth
function λ : I → R with λ 6≡ 0 such that γ(t) = γ(t) + λ(t)`+(t) and `+(t) =

`
+

(t) for all t ∈ I. By differentiating γ(t) = γ(t) + λ(t)`+(t), we have

α(t)`
+

(t)+β(t)`
−

(t) = (α(t)+λ̇(t)+λ(t)κ1(t))`+(t)+β(t)`−(t)+2λ(t)κ3(t)n(t).

Since `+(t) = `
+

(t), we have β(t) = β(t). Moreover, there exist smooth functions
ai, bi, ci : I → R, i = 1, 2 such that

`
−

(t) = a1(t)`+(t) + b1(t)`−(t) + c1(t)n(t),

n(t) = a2(t)`+(t) + b2(t)`−(t) + c2(t)n(t),

where n(t) = −(1/2)`
+

(t)∧`−(t). By the condition (`
+

(t), `
−

(t)) ∈ ∆4, we have

a1(t) = a2
2(t), b1(t) = 1, c1(t) = 2a2(t), b2(t) = 0, c2(t) = 1.

It follows that

`
−

(t) = a2
2(t)`+(t) + `−(t) + 2a2(t)n(t), n(t) = a2(t)`+(t) + n(t).

Moreover,

α(t)`
+

(t) + β(t)`
−

(t) = (α(t) + β(t)a2
2(t))`+(t) + β(t)`−(t) + 2a2(t)n(t).

Therefore, we have α(t) + β(t)a2
2(t) = α(t) + λ̇(t) + λ(t)κ1(t), λ(t)κ3(t) =

a2(t)β(t). If we rewrite a2 as k, then k(t)β(t) = λ(t)κ3(t) for all t ∈ I.
Conversely, suppose that there exist smooth functions λ, k : I → R with

λ 6≡ 0 such that k(t)β(t) = λ(t)κ3(t) for all t ∈ I. If we consider γ(t) =

γ(t) + λ(t)`+(t), `
+

(t) = `+(t), `
−

(t) = k2(t)`+(t) + `−(t) + 2k(t)n(t),

γ̇(t) = (α(t) + λ̇(t) + λ(t)κ1(t))`+(t) + β(t)`−(t) + 2λ(t)κ3(t)n(t)

= (α(t) + λ̇(t) + λ(t)κ1(t)− β(t)k2(t))`
+

(t) + β(t)`
−

(t)

= α(t)`
+

(t) + β(t)`
−

(t).
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It follows that (γ, `
+
, `
−

) : I → R3
1 × ∆4 is a lightcone framed curve. Hence,

(γ, `+, `−) and (γ, `
+
, `
−

) are (`+, `
+

)-mates. �

Proposition 2.3. Suppose that there exist smooth functions λ, k : I → R
with λ 6≡ 0 such that k(t)β(t) = λ(t)κ3(t) for all t ∈ I. Then the curvature

(κ1, κ2, κ3, α, β) of the lightcone framed curve (γ, `
+
, `
−

) : I → R3
1 ×∆4, where

γ(t) = γ(t) + λ(t)`+(t), `
+

(t) = `+(t), `
−

(t) = k2(t)`+(t) + `−(t) + 2k(t)n(t) is
given by

κ1(t) = κ1(t)− 2κ3(t)k(t), κ2(t) = k̇(t) + κ1(t)k(t) + κ2(t)− κ3(t)k2(t),

κ3(t) = κ3(t), α(t) = α(t) + λ̇(t) + λ(t)κ1(t)− β(t)k2(t), β(t) = β(t).

Proof. By a direct calculation, we have n(t) = k(t)`+(t) + n(t) and

˙
`
+

(t) = κ1(t)`+(t) + 2κ3(t)n(t)

= (κ1(t)− 2κ3(t)k(t))`
+

+ 2κ3(t)n(t),

˙
`
−

(t) = 2k(t)k̇(t)`+(t) + k2(t)(κ1(t)`+(t) + 2κ3(t)n(t))− κ1(t)`−(t)

+ 2κ2(t)n(t) + 2k̇(t)n(t) + 2k(t)(κ2(t)`+(t) + κ3(t)`−(t))

= −(κ1(t)− 2κ3(t)k(t))`
−

(t)

+ 2(k̇(t) + κ1(t)k(t) + κ2(t)− κ3(t)k2(t))n(t).

Then we have

κ1(t) = κ1(t)−2κ3(t)k(t), κ2(t) = k̇(t)+κ1(t)k(t)+κ2(t)−κ3(t)k2(t), κ3 = κ3(t).

By the proof of Theorem 2.2, we also have

α(t) = α(t) + λ̇(t) + λ(t)κ1(t)− β(t)k2(t), β(t) = β(t).

�

Remark 2.4. (1) Suppose that κ3(t) 6≡ 0. If we take k(t) = 1 and λ(t) =

β(t)/κ3(t), then (γ, `+, `−) is an (`+, `
+

)-Bertrand lightcone framed curve by

Theorem 2.2. In this case, (γ, `
+
, `
−

) is given by γ(t) = γ(t)+(β(t)/κ3(t))`+(t),

`
+

(t) = `+(t), `
−

(t) = `+(t) + `−(t) + 2n(t). It seems to be a kind of an evolute
of mixed type curves with the direction `+.

(2) Suppose that β(t) 6≡ 0. If we take k(t) = κ2(t) and λ(t) = β(t), then

(γ, `+, `−) is an (`+, `
+

)-Bertrand lightcone framed curve by Theorem 2.2. In

this case, (γ, `
+
, `
−

) is given by γ(t) = γ(t) + β(t)`+(t), `
+

(t) = `+(t), `
−

(t) =
κ2

2(t)`+(t) + `−(t) + 2β(t)n(t).
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Theorem 2.5. (γ, `+, `−) : I → R3
1 ×∆4 is an (`+, `

−
)-Bertrand lightcone

framed curve if and only if there exist smooth functions λ, k : I → R with λ 6≡ 0
such that k(t)β(t) = λ(t)κ3(t) for all t ∈ I. That is, (γ, `+, `−) is an (`+, `

+
)-

Bertrand lightcone framed curve if and only if (γ, `+, `−) is an (`+, `
−

)-Bertrand
lightcone framed curve.

Proof. Suppose that (γ, `+, `−) : I → R3
1×∆4 is an (`+, `

−
)-Bertrand lightcone

framed curve. Then there exists a lightcone framed curve (γ, `
+
, `
−

) : I →
R3

1×∆4 such that (γ, `+, `−) and (γ, `
+
, `
−

) are (`+, `
−

)-mates. By Proposition

1.5, (γ, `
−
, `

+
) is also a lightcone framed curve. By Theorem 2.2, there exist

smooth functions λ, k : I → R with λ 6≡ 0 such that k(t)β(t) = λ(t)κ3(t) for all
t ∈ I. The convese also holds by Theorem 2.2 and Proposition 1.5. �

By Propositions 1.5 and 2.3, we have the following.

Proposition 2.6. Suppose that there exist smooth functions λ, k : I → R
with λ 6≡ 0 such that k(t)β(t) = λ(t)κ3(t) for all t ∈ I. Then the curvature

(κ1, κ2, κ3, α, β) of the lightcone framed curve (γ, `
+
, `
−

) : I → R3
1 ×∆4, where

γ(t) = γ(t) + λ(t)`+(t), `
+

(t) = k2(t)`+(t) + `−(t) + 2k(t)n(t), `
−

(t) = `+(t) is
given by

κ1(t) = −(κ1(t)− 2κ3(t)k(t)), κ2(t) = −κ3(t),

κ3 = −(k̇(t) + κ1(t)k(t) + κ2(t)− κ3(t)k2(t)),

α(t) = β(t), β(t) = α(t) + λ̇(t) + λ(t)κ1(t)− β(t)k2(t).

Remark 2.7. We can also prove Theorem 2.5 and Proposition 2.6 by the
similar calculations of the proof of Theorem 2.2 and Proposition 2.3.

We can also prove Theorem 2.8, Proposition 2.9 and Theorem 2.11 by the
similar calculations of the proof of Theorem 2.2, Proposition 2.3 and Theorem
2.5. We omit the proofs of them.

Theorem 2.8. (γ, `+, `−) : I → R3
1 ×∆4 is an (`−, `

+
)-Bertrand lightcone

framed curve if and only if there exist smooth functions λ, k : I → R with λ 6≡ 0
such that k(t)α(t) = λ(t)κ2(t) for all t ∈ I.

Proposition 2.9. Suppose that there exist smooth functions λ, k : I → R
with λ 6≡ 0 such that k(t)α(t) = λ(t)κ2(t) for all t ∈ I. Then the curvature

(κ1, κ2, κ3, α, β) of the lightcone framed curve (γ, `
+
, `
−

) : I → R3
1 ×∆4, where

γ(t) = γ(t) + λ(t)`−(t), `
+

(t) = `−(t), `
−

(t) = `+(t) + k2(t)`−(t) + 2k(t)n(t) is
given by

κ1(t) = −κ1(t)− 2k(t)κ2(t), κ2(t) = −k̇(t) + k(t)κ1(t) + k2(t)κ2(t)− κ3(t),

κ3(t) = −κ2(t), α(t) = β(t) + λ̇(t)− λ(t)κ1(t)− k2(t)α(t), β(t) = α(t).
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Remark 2.10. (1) Suppose that κ2(t) 6≡ 0. If we take k(t) = 1 and λ(t) =

α(t)/κ2(t), then (γ, `+, `−) is an (`−, `
+

)-Bertrand lightcone framed curve by

Theorem 2.8. In this case, (γ, `
+
, `
−

) is given by γ(t) = γ(t)+(α(t)/κ2(t))`−(t),

`
+

(t) = `−(t), `
−

(t) = `+(t) + `−(t) + 2n(t). It seems to be a kind of an evolute
of mixed type curves with the direction `−.

(2) Suppose that α(t) 6≡ 0. If we take k(t) = κ2(t) and λ(t) = α(t), then

(γ, `+, `−) is an (`−, `
+

)-Bertrand lightcone framed curve by Theorem 2.8. In

this case, (γ, `
+
, `
−

) is given by γ(t) = γ(t) + α(t)`−(t), `
+

(t) = `−(t), `
−

(t) =
`+(t) + κ2

2(t)`−(t) + 2κ2(t)n(t).

Theorem 2.11. (γ, `+, `−) : I → R3
1×∆4 is an (`−, `

−
)-Bertrand lightcone

framed curve if and only if there exist smooth functions λ, k : I → R with λ 6≡ 0
such that k(t)α(t) = λ(t)κ2(t) for all t ∈ I. That is, (γ, `+, `−) is an (`−, `

+
)-

Bertrand lightcone framed curve if and only if (γ, `+, `−) is an (`−, `
−

)-Bertrand
lightcone framed curve.

By Propositions 1.5 and 2.9, we have the following.

Proposition 2.12. Suppose that there exist smooth functions λ, k : I → R
with λ 6≡ 0 such that k(t)α(t) = λ(t)κ2(t) for all t ∈ I. Then the curvature

(κ1, κ2, κ3, α, β) of the lightcone framed curve (γ, `
+
, `
−

) : I → R3
1 ×∆4, where

γ(t) = γ(t) + λ(t)`−(t), `
+

(t) = `+(t) + k2(t)`−(t) + 2k(t)n(t), `
−

(t) = `−(t) is
given by

κ1(t) = κ1(t) + 2k(t)κ2(t), κ2(t) = κ2(t),

κ3(t) = k̇(t)− k(t)κ1(t)− k2(t)κ2(t) + κ3(t),

α(t) = α(t), β(t) = β(t) + λ̇(t)− λ(t)κ1(t)− k2(t)α(t).

2.2 Timelike mates

Second, we consider only one timelike mates.

Theorem 2.13. (γ, `+, `−) : I → R3
1×∆4 is an (nT ,nT )-Bertrand lightcone

framed curve if and only if there exist smooth functions λ, θ : I → R with λ 6≡ 0
such that

λ(t)(κ2(t) + κ3(t)) cos θ(t)− (α(t)− β(t) + λ(t)κ1(t)) sin θ(t) = 0

for all t ∈ I.

Proof. Suppose that (γ, `+, `−) : I → R3
1×∆4 is an (nT ,nT )-Bertrand lightcone

framed curve. Then there exists another lightcone framed curve (γ, `
+
, `
−

) such

that (γ, `+, `−) and (γ, `
+
, `
−

) are (nT ,nT )-mates, that is, there exists a smooth
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function λ : I → R with λ 6≡ 0 such that γ(t) = γ(t) + λ(t)nT (t) and nT (t) =
nT (t) for all t ∈ I. By differentiating γ(t) = γ(t) + λ(t)nT (t), we have

a(t)nT (t)+b(t)nS(t) = (a(t)+λ̇(t))nT (t)+(b(t)+λ(t)κ1(t))nS(t)+λ(t)κT (t)n(t).

Since nT (t) = nT (t), we have a(t) = a(t)+λ̇(t). Moreover, there exists a smooth
function θ : I → R such that(

n(t)
nS(t)

)
=

(
cos θ(t) − sin θ(t)
sin θ(t) cos θ(t)

)(
n(t)
nS(t)

)
.

Then we have b(t) sin θ(t) = λ(t)κT (t) and b(t) cos θ(t) = b(t) +λ(t)κ1(t). It fol-
lows that b(t) = λ(t)κT (t) sin θ(t)+(b(t)+λ(t)κ1(t)) cos θ(t) and λ(t)κT (t) cos θ(t)
−(b(t) + λ(t)κ1(t)) sin θ(t) = 0. Therefore, we have

λ(t)(κ2(t) + κ3(t)) cos θ(t)− (α(t)− β(t) + λ(t)κ1(t)) sin θ(t) = 0

for all t ∈ I.
Conversely, suppose that there exist smooth functions λ, θ : I → R with

λ 6≡ 0 such that λ(t)κT (t) cos θ(t)− (b(t) +λ(t)κ1(t)) sin θ(t) = 0 for all t ∈ I. If
we consider γ(t) = γ(t) +λ(t)nT (t),n(t) = cos θ(t)n(t)− sin θ(t)nS(t),nS(t) =
sin θ(t)n(t) + cos θ(t)nS(t), then nT (t) = nT (t) and

γ̇(t) = (a(t) + λ̇(t))nT (t) + (b(t) + λ(t)κ1(t))nS(t) + λ(t)κT (t)n(t)

= (a(t) + λ̇(t))nT (t) + (b(t) + λ(t)κ1(t))(− sin θ(t)n(t) + cos θ(t)nS(t))

+ λ(t)κT (t)(cos θ(t)n(t) + sin θ(t)nS(t))

= (a(t) + λ̇(t))nT (t) + (λ(t)κT (t) sin θ(t) + (b(t) + λ(t)κ1(t)) cos θ(t))nS(t)

= a(t)nT (t) + b(t)nS(t)

=
1

2
(a(t) + b(t))`

+
(t) +

1

2
(a(t)− b(t))`−(t),

where

a(t) = a(t) + λ̇(t), b(t) = λ(t)κT (t) sin θ(t) + (b(t) + λ(t)κ1(t)) cos θ(t),

`
+

(t) = nT (t) + nS(t), `
−

(t) = nT (t)− nS(t).

It follows that (γ, `
+
, `
−

) : I → R3
1 × ∆4 is a lightcone framed curve. Hence,

(γ, `+, `−) and (γ, `
+
, `
−

) are (nT ,nT )-mates. �

Proposition 2.14. Suppose that there exist smooth functions λ, θ : I → R
with λ 6≡ 0 such that

λ(t)(κ2(t) + κ3(t)) cos θ(t)− (α(t)− β(t) + λ(t)κ1(t)) sin θ(t) = 0
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for all t ∈ I. Then the curvature of the lightcone framed curve (γ, `
+
, `
−

) :

I → R3
1 × ∆4, where γ(t) = γ(t) + λ(t)nT (t), `

+
(t) = nT (t) + nS(t), `

−
(t) =

nT (t)− nS(t),nT (t) = nT (t),nS(t) = sin θ(t)n(t) + cos θ(t)nS(t) is given by

(κ1, κ2, κ3, α, β) = (κ1, (1/2)(κT +κS), (1/2)(κT−κS), (1/2)(a+b), (1/2)(a−b)),

where

κ1(t) = κ1(t) cos θ(t)− κT (t) sin θ(t),

κT (t) = −κ1(t) sin θ(t) + κT (t) cos θ(t),

κS(t) = κS(t)− θ̇(t),
a(t) = a(t) + λ̇(t),

b(t) = λ(t)κT (t) sin θ(t) + (b(t) + λ(t)κ1(t)) cos θ(t).

Proof. By a direct calculation,

ṅT (t) = κ1(t)nS(t) + κT (t)n(t)

= (κ1(t) cos θ(t) + κT (t) sin θ(t))nT − (κ1(t) sin θ(t)− κT (t) cos θ(t))n(t),

ṅS(t) = θ̇(t) cos θ(t)n(t) + sin θ(t)(κT (t)nT (t) + κS(t)nS(t))

− θ̇(t) sin θ(t)nS(t) + cos θ(t)(κ1(t)nT (t)− κS(t)n(t))

= (κ1(t) cos θ(t) + κT (t) sin θ(t))nT (t)− (κS(t)− θ̇(t))n(t).

Then we have

κ1(t) = κ1(t) cos θ(t)− κT (t) sin θ(t), κT (t) = −κ1(t) sin θ(t) + κT (t) cos θ(t),

κS(t) = κS(t)− θ̇(t).

By the proof of Theorem 2.13, we also have

a(t) = a(t) + λ̇(t), b(t) = λ(t)κT (t) sin θ(t) + (b(t) + λ(t)κ1(t)) cos θ(t).

�

Remark 2.15. If (γ, `+, `−) : I → R3
1 × ∆4 is a lightcone framed curve

with lightcone circle frame, then κ1 = 0 and κ2 + κ3 = 0, see §2. By Theorem
2.13, it is automatically holded, since we can take θ = 0. Hence (γ, `+, `−) is an
(nT ,nT )-Bertrand lightcone framed curve.
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2.3 Spacelike mates

Third, we consider spacelike mates. There are four cases.

Proposition 2.16. Suppose that (γ, `+, `−) and (γ, `
+
, `
−

) : I → R3
1 ×∆4

are (n,n)-mates with γ(t) = γ(t) + λ(t)n(t). Then λ is a non-zero constant.

Proof. By differentiating γ(t) = γ(t) + λ(t)n(t), we have

γ̇(t) = α(t)`
+

(t) + β(t)`
−

(t)

= (α(t) + λ(t)κ2(t))`+(t) + (β(t) + λ(t)κ3(t))`−(t) + λ̇(t)n(t).

Since n(t) = n(t), we have λ̇(t) = 0 for all t ∈ I. Hence λ is a constant. If λ is
zero, then γ and γ are the same. It follows that λ is a non-zero constant. �

Theorem 2.17. (γ, `+, `−) : I → R3
1 × ∆4 is always an (n,n)-Bertrand

lightcone framed curve.

Proof. If we consider (γ, `
+
, `
−

) : I → R3
1 ×∆4 by

γ(t) = γ(t) + λn(t), `
+

(t) = `+(t), `
−

(t) = `−(t),

where λ is a non-zero constant. By Proposition 2.16,

γ̇(t) = (α(t) + λ(t)κ2(t))`+(t) + (β(t) + λ(t)κ3(t))`−(t).

It follows that (γ, `
+
, `
−

) : I → R3
1 × ∆4 is a lightcone framed curve with the

curvature (κ1, κ2, κ3, α + λκ2, β + λκ3). Hence, (γ, `+, `−) and (γ, `
+
, `
−

) are
(n,n)-mates. �

Remark 2.18. If (γ, `+, `−) : I → R3
1 ×∆4 is an (n,n)-Bertrand lightcone

framed curve, then γ = γ + λn, where λ is non-zero constant. Hence γ is a
parallel curve of γ with respect to n. We can also take (`

+
, `
−

) as (c`+, (1/c)`−)
in Theorem 2.17, where c : I → R is a non-zero function. See the special frame
in §2.

Theorem 2.19. (γ, `+, `−) : I → R3
1×∆4 is an (nS ,nS)-Bertrand lightcone

framed curve if and only if there exist smooth functions λ, θ : I → R with λ 6≡ 0
such that

λ(t)(κ2(t)− κ3(t)) cosh θ(t) + (α(t) + β(t) + λ(t)κ1(t)) sinh θ(t) = 0

for all t ∈ I.

Proof. Suppose that (γ, `+, `−) : I → R3
1×∆4 is an (nS ,nS)-Bertrand lightcone

framed curve. Then there exists another lightcone framed curve (γ, `
+
, `
−

) such
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that (γ, `+, `−) and (γ, `
+
, `
−

) are (nS ,nS)-mates, that is, there exists a smooth
function λ : I → R with λ 6≡ 0 such that γ(t) = γ(t) + λ(t)nS(t) and nS(t) =
nS(t) for all t ∈ I. By differentiating γ(t) = γ(t) + λ(t)nS(t), we have

a(t)nT (t)+b(t)nS(t) = (a(t)+λ(t)κ1(t))nT (t)+(b(t)+λ̇(t))nS(t)−λ(t)κS(t)n(t).

Since nS(t) = nS(t), we have b(t) = b(t) + λ̇(t). If we denote

n(t) = a1(t)n(t) + b1(t)nT (t), nT (t) = a2(t)n(t) + b2(t)nT (t),

where a1, a2, b1, b2 : I → R are smooth functions, then a2
1(t)− b21(t) = 1, a2

2(t)−
b22(t) = −1 and a1(t)a2(t) − b1(t)b2(t) = 0. Since nS(t) = n(t) ∧ nT (t) =
(a1(t)b2(t)− a2(t)b1(t))nS(t), a1(t)b2(t)− a2(t)b1(t) = 1. It follows that a2(t) =
b1(t), b2(t) = a1(t). By a2

1(t)−b21(t) = 1, there exists a smooth function θ : I → R
such that (

n(t)
nT (t)

)
= ±

(
cosh θ(t) sinh θ(t)
sinh θ(t) cosh θ(t)

)(
n(t)
nT (t)

)
.

Then we have±a(t) sinh θ(t) = −λ(t)κS(t) and±a(t) cosh θ(t) = a(t)+λ(t)κ1(t).
It follows that a(t) = ±(λ(t)κS(t) sinh θ(t) + (a(t) + λ(t)κ1(t)) cosh θ(t)) and
λ(t)κS(t) cosh θ(t) + (a(t) + λ(t)κ1(t)) sinh θ(t) = 0. Therefore, we have

λ(t)(κ2(t)− κ3(t)) cosh θ(t) + (α(t) + β(t) + λ(t)κ1(t)) sinh θ(t) = 0

for all t ∈ I.
Conversely, suppose that there exist smooth functions λ, θ : I → R with λ 6≡

0 such that λ(t)κS(t) cosh θ(t)+(a(t)+λ(t)κ1(t)) sinh θ(t) = 0 for all t ∈ I. If we
consider γ(t) = γ(t)+λ(t)nS(t),n(t) = ±(cosh θ(t)n(t)+sinh θ(t)nT (t)),nT (t) =
±(sinh θ(t)n(t) + cosh θ(t)nT (t)), then nS(t) = nS(t) and

γ̇(t) = (a(t) + λ(t)κ1(t))nT (t) + (b(t) + λ̇(t))nS(t)− λ(t)κS(t)n(t)

= ±(a(t) + λ(t)κ1(t))(− sinh θ(t)n(t) + cosh θ(t)nT (t)) + (b(t) + λ̇(t))nS(t)

∓ λ(t)κS(t)(cosh θ(t)n(t)− sinh θ(t)nT (t))

= ±(λ(t)κS(t) sinh θ(t) + (a(t) + λ(t)κ1(t)) cosh θ(t))nT (t)

+ (b(t) + λ̇(t))nS(t)

= a(t)nT (t) + b(t)nS(t)

=
1

2
(a(t) + b(t))`

+
(t) +

1

2
(a(t)− b(t))`−(t),

where

a(t) = ±(λ(t)κS(t) sinh θ(t) + (a(t) + λ(t)κ1(t)) cosh θ(t)), b(t) = b(t) + λ̇(t),

`
+

(t) = nT (t) + nS(t), `
−

(t) = nT (t)− nS(t).
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It follows that (γ, `
+
, `
−

) : I → R3
1 × ∆4 is a lightcone framed curve. Hence,

(γ, `+, `−) and (γ, `
+
, `
−

) are (nS ,nS)-mates. �

Proposition 2.20. Suppose that there exist smooth functions λ, θ : I → R
with λ 6≡ 0 such that

λ(t)(κ2(t)− κ3(t)) cosh θ(t) + (α(t) + β(t) + λ(t)κ1(t)) sinh θ(t) = 0

for all t ∈ I. Then the curvature of the lightcone framed curve (γ, `
+
, `
−

) :

I → R3
1 × ∆4, where γ(t) = γ(t) + λ(t)nS(t), `

+
(t) = nT (t) + nS(t), `

−
(t) =

nT (t)−nS(t),nT (t) = ±(sinh θ(t)n(t)+cosh θ(t)nT (t)),nS(t) = nS(t) is given
by

(κ1, κ2, κ3, α, β) = (κ1, (1/2)(κT +κS), (1/2)(κT−κS), (1/2)(a+b), (1/2)(a−b)),

where

κ1(t) = ±(κ1(t) cosh θ(t) + κS(t) sinh θ(t)),

κT (t) = ±(θ̇(t) + κT (t)),

κS(t) = ±(κ1(t) sinh θ(t) + κS(t) cosh θ(t)),

a(t) = ±(λ(t)κS(t) sinh θ(t) + (a(t) + λ(t)κ1(t)) cosh θ(t)),

b(t) = b(t) + λ̇(t).

Proof. By a direct calculation,

ṅT (t) = ±(θ̇(t) cosh θ(t)n(t) + sinh θ(t)(κT (t)nT (t) + κS(t)nS(t))

+ θ̇(t) sinh θ(t)nT (t) + cosh θ(t)(κ1(t)nT (t)− κS(t)n(t)))

= ±(κ1(t) cosh θ(t) + κS(t) sinh θ(t))nS ± (θ̇(t) + κT (t))n(t),

ṅS(t) = κ1(t)nS(t)− κS(t)n(t)

= ±(κ1(t) cosh θ(t) + κS(t) sinh(t))nT (t)

∓ (κ1(t) sinh θ(t) + κS(t) sinh θ(t))n(t).

Then we have

κ1(t) = ±(κ1(t) cosh θ(t) + κS(t) sinh(t)), κT (t) = ±(θ̇(t) + κT (t)),

κS(t) = ±(κ1(t) sinh θ(t) + κS(t) sinh θ(t)).

By the proof of Theorem 2.19, we also have

a(t) = ±(λ(t)κS(t) sinh θ(t) + (a(t) + λ(t)κ1(t)) cosh θ(t)), b(t) = b(t) + λ̇(t).

�
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Theorem 2.21. (γ, `+, `−) : I → R3
1×∆4 is an (n,nS)-Bertrand lightcone

framed curve if and only if there exist smooth functions λ, θ : I → R with λ 6≡ 0
such that

(α(t) + β(t) + λ(t)(κ2(t) + κ3(t))) sinh θ(t)

− (α(t)− β(t) + λ(t)(κ2(t)− κ3(t))) cosh θ(t) = 0

for all t ∈ I.

Proof. Suppose that (γ, `+, `−) : I → R3
1×∆4 is an (n,nS)-Bertrand lightcone

framed curve. Then there exists another lightcone framed curve (γ, `
+
, `
−

) such

that (γ, `+, `−) and (γ, `
+
, `
−

) are (n,nS)-mates, that is, there exists a smooth
function λ : I → R with λ 6≡ 0 such that γ(t) = γ(t)+λ(t)n(t) and n(t) = nS(t)
for all t ∈ I. By differentiating γ(t) = γ(t) + λ(t)n(t), we have

a(t)nT (t)+b(t)nS(t) = (a(t)+λ(t)κT (t))nT (t)+(b(t)+λ(t)κS(t))nS(t)+λ̇(t)n(t).

Since n(t) = nS(t), we have b(t) = λ̇(t). If we denote

n(t) = a1(t)nT (t) + b1(t)nS(t), nT (t) = a2(t)nT (t) + b2(t)nS(t),

where a1, a2, b1, b2 : I → R are smooth functions, then−a2
1(t)+b21(t) = 1,−a2

2(t)+
b22(t) = −1 and −a1(t)a2(t) + b1(t)b2(t) = 0. Since nS(t) = n(t) ∧ nT (t) =
(a1(t)b2(t) − a2(t)b1(t))n(t), a1(t)b2(t) − a2(t)b1(t) = 1. It follows that a2(t) =
b1(t), b2(t) = a1(t). By −a2

1(t) + b21(t) = 1, there exists a smooth function
θ : I → R such that(

n(t)
nT (t)

)
= ±

(
sinh θ(t) cosh θ(t)
− cosh θ(t) − sinh θ(t)

)(
nT (t)
nS(t)

)
.

Then we have ∓a(t) cosh θ(t) = a(t) + λ(t)κT (t) and ∓a(t) sinh θ(t) = b(t) +
λ(t)κS(t). It follows that a(t) = ∓((a+ λ(t)κT (t)) cosh θ(t)− (b(t) + λ(t)κS(t))
sinh θ(t)) and (a+ λ(t)κT (t)) sinh θ(t)− (b(t) + λ(t)κS(t)) cosh θ(t) = 0. There-
fore, we have

(α(t) + β(t) + λ(t)(κ2(t) + κ3(t))) sinh θ(t)

− (α(t)− β(t) + λ(t)(κ2(t)− κ3(t))) cosh θ(t) = 0

for all t ∈ I.

Conversely, suppose that there exist smooth functions λ, θ : I → R with
λ 6≡ 0 such that (a + λ(t)κT (t)) sinh θ(t) − (b(t) + λ(t)κS(t)) cosh θ(t) = 0 for
all t ∈ I. If we consider γ(t) = γ(t) + λ(t)n(t),nT (t) = ∓(cosh θ(t)nT (t) +
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sinh θ(t)nS(t)),n(t) = ±(sinh θ(t)nT (t) + cosh θ(t)nS(t)), then nS(t) = n(t)
and

γ̇(t) = (a(t) + λ(t)κT (t))nT (t) + (b(t) + λ(t)κS(t))nS(t) + λ̇(t)n(t)

= ∓(a(t) + λ(t)κT (t))(sinh θ(t)n(t) + cosh θ(t)nT (t)) + λ̇(t)nS(t)

± (b(t) + λ(t)κS(t))(cosh θ(t)n(t) + sinh θ(t)nT (t))

= ∓((a+ λ(t)κT (t)) cosh θ(t)− (b(t) + λ(t)κS(t)) sinh θ(t))nT (t)

+ λ̇(t)nS(t)

= a(t)nT (t) + b(t)nS(t)

=
1

2
(a(t) + b(t))`

+
(t) +

1

2
(a(t)− b(t))`−(t),

where

a(t) = ∓((a+ λ(t)κT (t)) cosh θ(t)− (b(t) + λ(t)κS(t)) sinh θ(t)), b(t) = λ̇(t),

`
+

(t) = nT (t) + nS(t), `
−

(t) = nT (t)− nS(t).

It follows that (γ, `
+
, `
−

) : I → R3
1 × ∆4 is a lightcone framed curve. Hence,

(γ, `+, `−) and (γ, `
+
, `
−

) are (n,nS)-mates. �

Proposition 2.22. Suppose that there exist smooth functions λ, θ : I → R
with λ 6≡ 0 such that

(α(t) + β(t) + λ(t)(κ2(t) + κ3(t))) sinh θ(t)

− (α(t)− β(t) + λ(t)(κ2(t)− κ3(t))) cosh θ(t) = 0

for all t ∈ I. Then the curvature of the lightcone framed curve (γ, `
+
, `
−

) :

I → R3
1 × ∆4, where γ(t) = γ(t) + λ(t)n(t), `

+
(t) = nT (t) + nS(t), `

−
(t) =

nT (t)−nS(t),nT (t) = ∓(cosh θ(t)nT (t)+sinh θ(t)nS(t)),nS(t) = n(t) is given
by

(κ1, κ2, κ3, α, β) = (κ1, (1/2)(κT +κS), (1/2)(κT−κS), (1/2)(a+b), (1/2)(a−b)),

where

κ1(t) = ∓
(
κT (t) cosh θ(t)− κS(t) sinh θ(t)

)
,

κT (t) = ∓(θ̇(t) + κ1(t)),

κS(t) = ±
(
κT (t) sinh θ(t)− κS(t) cosh θ(t)

)
,

a(t) = ∓
(
(a(t) + λ(t)κT (t)) cosh θ(t)− (b(t) + λ(t)κS(t)) sinh θ(t)

)
,

b(t) = λ̇(t).
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Proof. By a direct calculation,

ṅT (t) = ∓(θ̇(t) sinh θ(t)nT (t) + cosh θ(t)(κ1(t)nS(t) + κT (t)n(t))

+ θ̇(t) cosh θ(t)nS(t) + sinh θ(t)(κ1(t)nT (t)− κS(t)n(t)))

= ∓(κT (t) cosh θ(t)− κS(t) sinh θ(t))nS(t)∓ (θ̇(t) + κ1(t))n(t),

ṅ(t) = ±(θ̇(t) cosh θ(t)nT (t) + sinh θ(t)(κ1(t)nS(t) + κT (t)n(t))

+ θ̇(t) sinh θ(t)nS(t) + cosh θ(t)(κ1(t)nT (t)− κS(t)n(t)))

= ±(κT (t) sinh θ(t)− κS(t) cosh θ(t))nS(t)∓ (θ̇(t) + κ1(t))nT (t).

Then we have

κ1(t) = ∓
(
κT (t) cosh θ(t)− κS(t) sinh θ(t)

)
, κT (t) = ∓(θ̇(t) + κ1(t)),

κS(t) = ±
(
κT (t) sinh θ(t)− κS(t) cosh θ(t)

)
.

By the proof of Theorem 2.19, we also have

a(t) = ∓((a+ λ(t)κT (t)) cosh θ(t)− (b(t) + λ(t)κS(t)) sinh θ(t)), b(t) = λ̇(t).

�

Theorem 2.23. (γ, `+, `−) : I → R3
1 × ∆4 is always an (nS ,n)-Bertrand

lightcone framed curve.

Proof. If we consider (γ, `
+
, `
−

) : I → R3
1 ×∆4 by

γ(t) = γ(t) + λ(t)nS(t), `
+

(t) = nT (t) + n(t),

`
−

(t) = nT (t)− n(t),

where λ(t) = −
∫
b(t)dt. By differentiating γ(t) = γ(t) − (

∫
b(t)dt)nS(t), we

have then we have

γ̇(t) =

(
a(t)− κ1(t)

∫
b(t)dt

)
nT (t) +

(
−κS(t)

∫
b(t)dt

)
nS(t).

It follows that (γ, `
+
, `
−

) : I → R3
1 × ∆4 is a lightcone framed curve with the

curvature

(κ1, κ2, κ3, α, β) = (κ1, (1/2)(κT +κS), (1/2)(κT−κS), (1/2)(a+b), (1/2)(a−b)),

where

κ1(t) = −κT (t), κT (t) = κS(t), κS(t) = κ1(t),

a(t) = a(t)− κ1(t)

∫
b(t)dt, b(t) = −κS(t)

∫
b(t)dt.
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Hence, (γ, `+, `−) and (γ, `
+
, `
−

) are (nS ,n)-mates. �

Remark 2.24. If (γ, `+, `−) : I → R3
1×∆4 is an (nS ,n)-Bertrand lightcone

framed curve, then γ(t) = γ(t) − (
∫
b(t)dt)nS(t). Hence, γ is a psedo-circular

involute of γ (cf. [17, 21]).

3 Examples

We give concrete example of Bertrand lightcone framed curves.

Example 3.1. Let p, q ∈ R and n,m ∈ N. Suppose that n 6= m (respec-
tively, n = m). Then we define (γ, `+, `−) : R→ R3

1 ×∆4 by

γ(t) =

(
− p

m
cosmt,−q

2

(
cos(m− n)t

m− n
+

cos(m+ n)t

m+ n

)
,

−q
2

(
sin(m− n)t

m− n
− sin(m+ n)t

m+ n

))
(

respectively, γ(t) =
(
− p

m
cosmt,− q

4m
cos 2mt,

q

2
t− q

4m
sin 2mt

))
,

`+(t) = (1, cosnt, sinnt),

`−(t) = (1,− cosnt,− sinnt).

Then (γ, `+, `−) : R→ R3
1 ×∆4 is a lightcone framed curve with the curvature

κ1(t) = 0, κ2(t) = −n
2
, κ3(t) =

n

2
, α(t) =

p+ q

2
sinmt, β(t) =

p− q
2

sinmt.

Since α(t)β(t) = (p2−q2) sin2(mt)/4, γ is a spacelike curve with singular points
if p2 < q2, a lightlike curve with singular points if p2 = q2, and a timelike curve
with singular points if p2 > q2. By definition, we have

κT (t) = 0, κS(t) = −n, a(t) = p sinmt, b(t) = q sinmt.

If we take λ(t) = (k(t)/n)(p − q) sinmt (respectively, λ(t) = −(k(t)/n)(p +
q) sinmt) with λ 6≡ 0, then the condition of Theorem 2.2 (respectively, of Theo-

rem 2.8) is satisfied. Hence, (γ, `+, `−) is an (`+, `
+

) and (`+, `
−

) (respectively,

(`−, `
+

) and (`−, `
−

))-Bertrand lightcone framed curve.

If we take θ(t) = nπ, then the condition of Theorem 2.13 is satisfied. Hence,
(γ, `+, `−) is an (nT ,nT )-Bertrand lightcone framed curve.

If we take λ(t) = (p tanh θ(t)/n) sinmt (respectively, λ(t) = ((p tanh θ(t) −
q)/n) sinmt) with λ 6≡ 0, then the condition of Theorem 2.19 (respectively,
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of Theorem 2.21) is satisfied. Hence, (γ, `+, `−) is an (nS ,nS) (respectively,
(n,nS))-Bertrand lightcone framed curve. Moreover, if we take λ(t) = (q/m)
cosmt 6≡ 0, then the condition of Theorem 2.23 is satisfied. Hence, (γ, `+, `−)
is an (nS ,n)-Bertrand lightcone framed curve. Similarly, if λ is a non-zero con-
stant, then the condition of Theorem 2.17 is satisfied. Hence, (γ, `+, `−) is an
(n,n)-Bertrand lightcone framed curve.

Example 3.2. Let (γ, `+, `−) : I → R3
1 ×∆4 be

γ(t) =

(∫
α(t)

(∫
κ3(t)dt

)2

dt+

∫
(α(t) + β(t))dt,

−
∫
α(t)

(∫
κ3(t)dt

)2

dt+

∫
(α(t)− β(t))dt, 2

(∫
α(t)

(∫
κ3(t)

)
dt

)
dt

)
,

`+(t) =

((∫
κ3(t)dt

)2

+ 1, −
(∫

κ3(t)dt

)2

+ 1, 2

∫
κ3(t)dt

)
,

`−(t) = (1, −1, 0).

Then (γ, `+, `−) : I → R3
1 ×∆4 is a lightcone framed curve with the curvature

(0, 0, κ3, α, β). By definition, we have κT (t) = κ3(t), κS(t) = −κ3, a(t) = α(t) +
β(t), b(t) = α(t) − β(t). Since κ2(t) = 0, then the condition of Theorem 2.8

is satisfied. Hence, (γ, `+, `−) is always an (`−, `
+

)-Bertrand lightcone framed
curve.

If we take κ3(t) = sin t, α(t) = sin t cos t and β(t) = cos t, then (γ, `+, `−) is
given by

γ(t) =

(
−1

4
cos4 t− 1

2
cos2 t+ sin t,

1

4
cos4 t− 1

2
cos2 t− sin t,

2

3
cos3 t

)
,

`+(t) =
(
cos2 t+ 1, − cos2 t+ 1, −2 cos t

)
,

`−(t) = (1, −1, 0),

up to constant. Since α(t)β(t) = sin t cos2 t, γ is a mixed type curve with singular
points at t = π/2 and 3π/2. We also have κT (t) = sin t, κS(t) = − sin t, a(t) =
cos t(sin t + 1) and b(t) = cos t(sin t − 1). Since β(t) = cos t 6≡ 0, (γ, `+, `−) is

always an (`+, `
+

)-Bertrand lightcone framed curve by Remark 2.4 (2).

Similarly, if we take θ(t) = t and λ(t) = sin t − 1, then the condition of
Theorem 2.13 is satisfied. Hence, (γ, `+, `−) is an (nT ,nT )-Bertrand lightcone
framed curve.

If we take κ3(t) = sinh t, α(t) = sinh t cosh t and β(t) = − sinh t, then
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(γ, `+, `−) is given by

γ(t) =

(
cosh4 t

4
+

cosh2 t

2
− cosh t, −cosh4 t

4
+

cosh2 t

2
+ cosh t,

2

3
cosh3 t

)
,

`+(t) =
(
cosh2 t+ 1, − cosh2 t+ 1, 2 cosh t

)
,

`−(t) = (1, −1, 0),

up to constant. Since α(t)β(t) = − sinh2 t cosh t, γ is a spcelike curve with
a singular point at t = 0. We also have κT (t) = sinh t, κS(t) = − sinh t,
a(t) = sinh t(cosh t − 1) and b(t) = sinh t(cosh t + 1). If we take a smooth
function θ : I → R such that λ(t) = e−2θ(t) cosh t + 1, then the condition of
Theorem 2.21 is satisfied. Hence, (γ, `+, `−) is an (n,nS)-Bertrand lightcone
framed curve. Similarly, if we take a smooth function θ : I → R such that
λ(t) = − tanh θ(t)(cosh t− 1) and θ 6≡ 0, then the condition of Theorem 2.19 is
satisfied. Hence, (γ, `+, `−) is an (nS ,nS)-Bertrand lightcone framed curve.
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An. Ştiinţ. Univ. “Ovidius” Constanţa Ser. Mat. 31 (3), 2023, 87-109.

[8] S. Honda, M. Takahashi, Framed curves in the Euclidean space. Adv. Geom. 16,
2017, 265–276. doi: 10.1515/advgeom-2015-0035



62 N. Nakatsuyama, M. Takahashi

[9] S. Honda, M. Takahashi, Bertrand and Mannheim curves of framed curves in the
3-dimensional Euclidean space. Turkish J. Math. 44, 2020, 883–899.

[10] J. Huang, L. Chen, S. Izumiya, D. Pei, Geometry of special curves and surfaces in
3-space form. J. Geom. Phys. 136, 2019, 31–38.

[11] S, Izumiya. Legendrian dualities and spacelike hypersurfaces in the lightcone.
Mosc. Math. J. 9, 2009, 325-357. https://doi.org/10.17323/1609-4514-2009-9-2-
325-357

[12] T. Liu and D. Pei, Mixed-type curves and the lightcone frame in Minkowski 3-
space. Int. J. Geom. Methods Mod. Phys. 17, 2020, 2050088 (14 pages).
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