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Several statistics are considered for creating confidence intervals for the
difference of two proportions in the mixed paired and unpaired design. Five
new estimators are introduced and compared with the estimators proposed
by Derrick (2015). An interval incorporating the adjustment of Agresti and
Caffo (2000) is the recommended estimator for comparing proportions in the
mixed paired and unpaired design.

keywords: mixed paired/unpaired design, proportion difference, confidence
interval.

1 Introduction

There are many scenarios in which one has a combination of paired and unpaired data.
Generally, this type of design arises when one wants to do a paired test, but there are
some subjects who do not have suitable pairs. It is beneficial to use all of the data
for a more complete study, especially when there are a limited number of subjects that
meet the study’s criteria. Rather than discarding some of the data, unpaired subjects
can be randomly assigned to one of the treatments to create a mixed paired/unpaired
two-sample design.

For example, a previous clinical trial involved the effect on visual acuity score of two
different types of laser eye surgery Dubnicka et al. (2002). Patients who had both eyes
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eligible for treatment had one eye randomly assigned to each method in a pair-matched
design. Patients with only one eligible eye were randomly assigned to one of the methods
in a completely randomized design.
A second example from Derrick et al. (2015) used data collected from a Seasonal

Affective Disorder (SAD) support group to see if the quality of life of people with this
disorder was different at two different times in the year. Subjects were asked to respond
with a binary ’yes’ or ’no’ to whether they were happy with their life at that time or
not. Although membership in the group was fairly consistent between the two times,
there was also some natural turnover. This left the researchers with some unpaired data
in which people were only present for the first or last measurement.
In the case of a quantitative response, several different methods have been proposed

for making use of all the data in a mixed paired and unpaired design. Bhoj (1978,
1984, 1989) investigated a statistic that was a linear combination of paired and unpaired
t statistics, tcombined = λtpaired + (1 − λ)tunpaired for testing the null hypothesis that
the difference of means is zero, and compared to previously proposed statistics. They
found that there was no single statistic that was optimal for all cases. However, the
Zb statistic in Bhoj (1989) was the recommendation for the homoscedastic case when
nothing is known about the correlation, ρ.
All of the statistics considered by Bhoj (1978, 1984, 1989) were parametric statistics.

Dubnicka et al. (2002) proposed weighted and unweighted combinations of the Wilcoxon
signed-rank statistic and the Wilcoxon-Mann-Whitney statistic Wcombined = λWpaired +
(1 − λ)Wunpaired. They suggested these rank based tests should be more robust than
statistics based on means. Magel and Fu (2014) suggested first standardizing Wpaired

and Wunpaired and then combining the statistics, which showed slightly higher power in
some cases.
Johnson and Richter (2022) proposed permutation versions of the Dubnicka et al.

(2002) and Magel and Fu (2014) tests. They performed an extensive simulation study
to compare various tests. No single test was always the best. The parametric methods
such as the Zb statistic in Bhoj (1989) were generally best for normally distributed
data, while the non-parametric tests were better for non-normal data. The rank-based
methods were generally recommended as the default as they were most powerful for
non-normal distributions and were nearly as powerful as parametric methods for normal
distributions.

While extensive work has been done on methods for comparing means, there is less
literature on tests for comparing two sample proportions of a dichotomous dependent
variable. Choi and Stablein (1982) proposed several statistics for comparing propor-
tions in the mixed paired and unpaired design and performed a simulation study to
compare the statistics. They ultimately recommended a statistic that used an estima-
tor that combined the observations from the paired and unpaired samples. Tang and
Tang (2004) developed exact tests for comparing two paired proportions with incomplete
data, extending McNemar-type procedures to situations in which some pairs are missing
observations. Although their framework focused on incomplete pairing rather than an
explicit mixture of paired and unpaired subjects, their methodological goal was to make
use of all available data. Their exact inference approach provides a useful complement



Electronic Journal of Applied Statistical Analysis 81

to the approximate methods of Choi and Stablein (1982) and informs later developments
such as Derrick et al. (2015).

Derrick et al. (2015) proposed combined test statistics and related interval estimators
for the mixed paired and unpaired design. These methods used estimators similar to
Choi and Stablein (1982), which combined observations from the paired and unpaired
samples. Derrick et al. (2015) found that their z6 statistic, which used individual sample
standard deviations to estimate the standard error, had inflated Type 1 error rates,
which would correspond to undercoverage in the confidence interval estimator.

When considering confidence intervals for a difference in proportions, π1−π2, Agresti
and Caffo (2000) noted that the Wald confidence interval,

(p1 − p2)± Zα/2

√
p1(1− p1)

n1
+

p2(1− p2)

n2
, (1)

where π̂1 = p1 and π̂2 = p2 are the sample proportions, had poor coverage, especially
in extreme cases when n was small or the π values were near the boundaries of 0 or 1.
They proposed a simple adjustment that improved the coverage.

Derrick’s interval based on the z6 statistic is a natural extension of the Wald interval
as it also uses the sample proportions in the standard error estimate. We propose that
applying the Agresti-Caffo adjustment to the z6 estimator will improve its coverage.

Derrick also proposed a test statistic, z8, which used a pooled estimator for the com-
mon population proportion in the standard error estimate. The test based on this
statistic did not have the same Type I error problems with the parameters he used in
his simulation as did the test based on z6. However, Derrick did not consider any pop-
ulation proportion values close to 0 or 1. Therefore, while Derrick recommended the z8
estimator, its performance was not analyzed for extreme cases with π1 less than 0.15.
Thus, we compare its performance to that of the adjusted z6 estimator for these more
extreme cases.

Agresti (2003) suggested a paired data adjustment similar to the Agresti-Caffo adjust-
ment. We compare the coverage of this adjusted estimator to the unadjusted estimator,
and also investigate adding this to the adjusted z6 estimator. Finally, we propose a new
estimator based on a combined test statistic analogous to the statistics of Bhoj (1978,
1984, 1989) and Dubnicka et al. (2002). We perform a simulation study to evaluate and
compare the properties of these estimators.

2 Methods

Table 1: Notation summary for the adjustments made to statistics.

z No Adjustments

z′ Agresti-Caffo Adjusted

z′′ Both Adjustments (Unpaired and Paired) Applied
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The mixed paired and unpaired design can be displayed as separate tables, as shown in
Table 2 and Table 3. Table 2 organizes all of the counts of the unpaired data into n1

total observations for sample 1 and n2 total observations for sample 2. Table 3 organizes
all of the counts of the paired data into categories that sum to n12 total observations.

Table 2: Response frequencies for two independent samples with a dichotomous response.

Response Total

1 0

Sample 1 e f n1

Sample 2 g h n2

Table 3: Response frequencies for two paired samples with a dichotomous response.

Response Sample 2 Total

Response Sample 1 1 0

1 a b m

0 c d n12 −m

Total k n12 − k n12

2.1 Unpaired Data Only

The most common interval estimator with unpaired data for the proportion difference
is based on the statistic

z1 =
p1 − p2 − (π1 − π2)√
π1(1−π1)

n1
+ π2(1−π2)

n2

, (2)

where π1 and π2 are estimated by π̂1 = p1 =
e
n1

and π̂2 = p2 =
g
n2
.

The (1− α) ∗ 100% confidence interval for π1 − π2, based on z1, is

(p1 − p2)± Zα/2

√
p1(1− p1)

n1
+

p2(1− p2)

n2
, (3)

where Zα/2 is the 1− α/2 quantile of the N(0,1) distribution.

2.2 Paired Data Only

An interval estimator with paired data for the proportion difference is based on the
statistic (Agresti (2003))
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z3 =
p12 − p21 − (π1 − π2)√

π1+(1−π1+)+π+1(1−π+1)−2(π11π22−π12π21)
n12

, (4)

where π1+, π+1, π11, π12, π21, and π22 are estimated by π̂1+ = p1+ = a+b
n12

, π̂+1 =

p+1 = a+c
n12

, π̂11 = p11 = a
n12

, π̂12 = p12 = b
n12

, π̂21 = p21 = c
n12

, and π̂22 = p22 = d
n12

,
respectively.

The (1− α) ∗ 100% confidence interval for π1 − π2, based on z3, is

p12 − p21 ± Zα/2

√
p1+(1− p1+) + p+1(1− p+1)− 2(p11p22 − p12p21)

n12
. (5)

2.3 Derrick’s Wald Interval Using Both Paired and Unpaired Data

There are several statistics proposed by Derrick et al. (2015) that use all of the data in
the paired/unpaired design. The test statistic is

z6 =
p̄1 − p̄2 − (π1 − π2)√

π1(1−π1)
n12+n1

+ π2(1−π2)
n12+n2

− 2r1(

√
π1(1−π1)

√
π2(1−π2)n12

(n12+n1)(n12+n2)
)

, (6)

where π1 and π2 are estimated by π̂1 = p̄1 = a+b+e
n12+n1

and π̂2 = p̄2 = a+c+g
n12+n2

, and r1 is
Pearson’s phi correlation coefficient.

The corresponding (1− α) ∗ 100% confidence interval for π1 − π2, based on z6, is

(p̄1 − p̄2)± Zα/2

√
p̄1(1− p̄1)

n12 + n1
+

p̄2(1− p̄2)

n12 + n2
− 2r1(

√
p̄1(1− p̄1)

√
p̄2(1− p̄2)n12

(n12 + n1)(n12 + n2)
). (7)

2.4 Agresti-Caffo Adjustment

Agresti and Caffo (2000) noted that ”a nominal 95% interval for the difference of pro-
portions has actual coverage probability below 0.93 in 88% of the cases with a standard
Wald interval.” However, with an adjusted interval based on adding two success and two
failures to the data (for 95% confidence intervals), the coverage probability was below
0.93 only 1% of the time. The adjusted z1 interval estimator (z′1) is

(p̃1 − p̃2)± Zα/2

√
p̃1(1− p̃1)

n1 + 2
+

p̃2(1− p̃2)

n2 + 2
, (8)

where π1 and π2 are estimated by π̂1 = p̃1 =
e+1
n1+2 and π̂2 = p̃2 =

g+1
n2+2 .
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We applied this adjustment to the z6 estimator. The adjusted z6 estimator (z′6) using
the add two successes and two failures adjustment is the same as that in equation 6,
except that π1 and π2 are estimated by π̂1 = p̃1 =

a+b+e+1
n12+n1+2 and π̂2 = p̃2 =

a+c+g+1
n12+n2+2 .

The corresponding (1− α) ∗ 100% confidence interval for π1 − π2 is:

(p̃1−p̃2)±Zα/2

√
p̃1(1− p̃1)

n12 + n1 + 2
+

p̃2(1− p̃2)

n12 + n2 + 2
− 2r1(

√
p̃1(1− p̃1)

√
p̃2(1− p̃2)n12

(n12 + n1 + 2)(n12 + n2 + 2)
). (9)

2.5 Derrick’s Interval using the pooled proportion estimator

The last estimator considered for confidence intervals is based on Derrick’s z8 statistic.
Under the null hypothesis, H0 : π1 = π2 = π, the test statistic for z8 is:

z8 =
p̄1 − p̄2√

π(1−π)
n12+n1

+ π(1−π)
n12+n2

− 2r1(

√
π(1−π)

√
π(1−π)n12

(n12+n1)(n12+n2)
)

, (10)

where π is estimated by π̂ = p̄ = (n1+n12)p̄1+(n2+n12)p̄2
2n12+n1+n2

.

The corresponding (1− α) ∗ 100% confidence interval for π1 − π2 is:

(p̄1 − p̄2)± Zα/2

√
p̄(1− p̄)

n12 + n1
+

p̄(1− p̄)

n12 + n2
− 2r1(

√
p̄(1− p̄)

√
p̄(1− p̄)n12

(n12 + n1)(n12 + n2)
). (11)

3 Simulation Design

To consider how these statistics perform over a wide range of scenarios, a simulation
study was performed. The simulation design follows that of Derrick et al. (2015). To
generate the unpaired data, random samples of size n1 and n2 from a N(0,1) distribution
were generated. These observations were then converted into binary ’0’ and ’1’ using
critical values Cπi of the normal distribution based on the known population proportions
π1 and π2. If the number generated from the N(0,1) distribution was less than the critical
value, it was assigned a ’1’, otherwise the number was assigned ’0’.
The process to generate paired data followed a similar process. First, two random

samples of size n12 from a N(0,1) distribution were generated. These are denoted by
Xij for i = (1, 2) and j = (1, 2, ..., n12). The Xij values were then transformed into
correlated normal bivariates Yij as follows:

Y1j =

√
1 + ρ

2
X1j +

√
1− ρ

2
X2j , (12)
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Y2j =

√
1 + ρ

2
X2j −

√
1− ρ

2
X1j , (13)

where ρ is the Pearson correlation between the two random variables and (Y1, Y2) ∼

BV N(µ,Σ) where µ =

[
0

0

]
and Σ =

[
1 ρ

ρ 1

]
.

The normal deviates for the paired data are then compared to the critical values Cπi

and are converted to ’0’ and ’1’ in the same way as the unpaired data. The simulation
parameters are listed in Table 4.

Table 4: Simulation Parameters

π1 0.05, 0.15, 0.30, 0.50

π2 0.05, 0.15, 0.30, 0.50

n1 10, 30, 50, 100

n2 10, 30, 50, 100

n12 10, 30, 50, 100

ρ 0, 0.25, 0.50, 0.75

The simulation was designed to evaluate various configurations across a wide range
of scenarios, including proportions ranging from π = 0.05 to π = 0.50 and sample sizes
from ni = 10 to ni = 100. Therefore, our simulation design examined cases with both
equal and unequal group proportions and equal and unequal sample sizes. Our study
considered many of the parameters proposed by Derrick et al. (2015). However, we
included the lower value of π = 0.05 because, as stated in Agresti and Caffo (2000), the
coverage of the Wald intervals decreased substantially in cases with low success rates,
particularly when π was less than 0.10. Varying ρ is considered as it is known to have
an impact on paired sample tests Derrick et al. (2015).
10,000 random samples were generated for each combination of parameters. For each

sample, we calculated the 95% confidence interval for the true difference in proportions.
The coverage was determined as the proportion of the 10,000 intervals that contained the
true proportion difference. We measured interval width by averaging the interval widths
over 10,000 intervals. This process was repeated for all possible parameter combinations,
resulting in one data point for each combination.
All simulations were performed using R.

4 Results

4.1 Coverage Comparisons

We compared the coverage of the interval estimators described in Section 2. The data
points in these plots are the estimated coverage for each combination of simulation
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parameters.

Figure 1: Estimated coverage of 95 percent confidence intervals.

Bradley (1978) proposed a criteria that for a test to be Type I error robust underH0 for
α = 0.05, the Type 1 error rate should be between 0.025 and 0.075. As Type I error rate
is analogous to confidence interval coverage, this translates to robust coverage for a 95%
confidence interval having coverage between 0.925 and 0.975. These bounds on robust
coverage are shown by dashed lines around 0.95 in Figure 1. All four non-adjusted
estimators, z1, z3, z6, and z8, exhibited substantial undercoverage. In particular, we
note that Derrick’s recommended z8 experiences undercoverage with the inclusion of
the π1,2 = 0.05 parameter, meaning it does not provide robust coverage in cases with
proportions less than 0.15. It is also important to note that the z6 estimator was affected
by the Agresti-Caffo (2000) adjustment in a similar way as the z1 estimator. Both
adjusted intervals eliminated the undercoverage seen in the non-adjusted intervals but
had some tendency to over-cover.

Figure 2: Mean interval width of z′1 and z′6 estimators.

Comparing the interval widths of the two adjusted tests in Figure 2, it is evident that
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the z′6 estimator is more precise than the z′1 estimator. Furthermore, while both adjusted
tests had coverage within the acceptable range for almost all cases, as seen in Figure 1,
the z′6 had more cases with coverage closer to 0.95 and fewer cases of overcoverage than
z′1. Thus, while the z′6 estimator is slightly more complicated to compute, it provided a
better estimator than the z′1 estimator.

4.2 z6 and z′6 Coverage for Specific Settings

Agresti and Caffo (2000) found that the worst coverage for the Wald interval occurred in
cases where the sample size was small and π was close to 0 or 1. Figure 3 shows coverage
for the z6 and z′6 estimators over π1 values ranging from 0.05 to 0.95. The parameters
π2, n1, n2, n12, and ρ were kept constant over the entire range of π1 values for each plot.

When π2 = 0.05 (Figure 3(a,b,c)) and π1 approached 0 or 1, the coverage of the z6
interval also approached 0. However, the z′6 estimator had coverage close to the nominal
level, even in the cases near the boundaries. Figure 3(a,b,c) kept π2 constant at 0.05
and the sample sizes n1, n2, n12 constant at 10 but varied ρ from 0 to 0.25 to 0.75.
There were no significant changes in the coverage between the different ρ values, so the
correlation of the paired data did not appear to have an impact on the coverage of the
confidence intervals. When π2 was increased to 0.5 in Figure 3(d,e), there was no drop
off in coverage for either of the confidence intervals. However, the z′6 interval coverage
was closer to the desired 0.95 level than z6 across the span of π1 values.

In Figure 4, π2 = 0.3 and ρ = 0.25 for all of the plots, while different combinations
of sample sizes were considered. When all of the sample sizes were equal to 10 (Figure
4(a)), coverage was near 0.95 across all π1 values for z′6. However, the coverage for z6
was never as close to the desired 0.95 coverage as z′6. The improved performance of z′6
over z6 occurred because the adjustment brings the proportions closer together, enabling
a better estimate of the true proportion difference, even with small sample sizes. When
n1 was increased to 50 while n2 = n12 = 10 (Figure 4(b)), there was fairly constant
coverage for both the z6 and z′6 estimators, but the z′6 estimator remained closer to the
desired 0.95 coverage. When n2 was increased to 50 and n1 = n12 = 10 (Figure 4(c)),
coverage for z6 was consistently lower than that for z′6. When n12 was increased to 50
and n1 = n2 = 10 (Figure 4(d)), there was consistent coverage around 0.95 for both
the z6 and z′6 estimators. The same result was seen when all of the sample sizes were
increased to 30 (Figure 4(e)).

5 Paired Data Adjustment

Agresti (2003) suggested an adjustment to the z3 estimator discussed in Section 2.2.
Specifically, this adjustment involves adding one to each of the cells in Table 2 before
computing proportions for the confidence interval. The adjustment was applied to both
z3, which only uses paired data, as well as to z′6 to create a fully adjusted estimator.
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(a) (b)

(c) (d)

(e)

Figure 3: Coverage for z6 and z′6 estimators for π1 ranging between 0.05 and 0.95, n1 =
n2 = n12 = 10, π2 = 0.05, 0.5, and ρ = 0, 0.25, 0.75.
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(a) (b)

(c) (d)

(e)

Figure 4: Coverage for z6 and z′6 estimators for π1 ranging between 0.05 and 0.95 and
π2 = 0.3, ρ = 0.25, and different combinations sample sizes of 10, 30, and 50.
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5.1 Paired Data Adjustment to z3

The adjustment is applied to the proportions from equation (4):

p̃1+ = a+b+2
n12+4 , p̃+1 = a+c+2

n12+4 ,

p̃11 = a+1
n12+4 , p̃12 = b+1

n12+4 ,

p̃21 = c+1
n12+4 , p̃22 = d+1

n12+4 .

Therefore, the confidence interval based on the adjusted z3 estimator (z′3) becomes:

p̃12 − p̃21 ± Zα/2

√
p̃1+(1− p̃1+) + p̃+1(1− p̃+1)− 2(p̃11p̃22 − p̃12p̃21)

n12 + 4
. (14)

Figure 5: Confidence interval coverage for the z3 and z′3 estimators.

The adjustment to the paired data for the z3 estimator eliminated all of the cases
where the coverage was below 0.9. Figure 5 shows that with the adjustment, nearly all
cases considered fell within the acceptable range of coverage. This is analogous to the
results of the adjustment that was used on the unpaired data for the z1 estimator.

5.2 Paired Data Adjustment to z′6

We next applied the additional paired adjustment to the (already) adjusted z′6. This
created new estimators where:
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p̌1 =
a+ b+ e+ 1 + 2

n12 + n1 + 2 + 4
, (15)

p̌2 =
a+ c+ g + 1 + 2

n12 + n2 + 2 + 4
. (16)

Substituting these estimators in equation (6), results in the statistic z′′6 . Then the
confidence interval for π1 − π2 based on the z′′6 statistic is

p̌1 − p̌2 ±Zα/2

√
p̌1(1− p̌1)

n12 + n1 + 6
+

p̌2(1− p̌2)

n12 + n2 + 6
− 2r1(

√
p̌1(1− p̌1)

√
p̌2(1− p̌2)(n12 + 4)

(n12 + n1 + 6)(n12 + n2 + 6)
).

(17)

Figure 6: Confidence interval coverage of the z6, z
′
6, and z′′6 estimators.

The adjustment used to create z′′6 resulted in more undercoverage than seen in z′6
(Figure 6). Similar to the results for z′3, the adjustment raised the mean coverage
compared to its non-adjusted counterpart, though it did not eliminate many of the
undercoverage situations that z′6 corrected.
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5.3 Investigating the poor coverage cases of z′′6

(a) (b)

(c)

Figure 7: Coverage for z6, z
′
6, and z′′6 estimators for π1 ranging between 0.05 and 0.95,

n1 = n2 = n12 = 10, π2 = 0.05, 0.5, 0.95, and ρ = 0.

To further understand where poor coverage was happening with the z′′6 estimator, we
plotted coverage for z′′6 against z6 and z′6 in Figure 7. As shown in Figure 7(a), when
π2 = 0.5, ρ = 0, and n1 = n2 = n12 = 10, z′′6 had acceptable coverage between π1 ≈ 0.2
and π1 ≈ 0.8. When π2 = 0.05, ρ = 0, and n1 = n2 = n12 = 10 (Figure 7(b)), there was
acceptable coverage until the difference between π1 and π2 was greater than 0.3. The
same pattern was seen when π2 = 0.95, ρ = 0, and n1 = n2 = n12 = 10 (Figure 7(c)).
More generally, we saw that z′′6 had acceptable coverage when the difference of π values
was 0.3 or less.

6 Linear Combination Statistic

Bhoj (1978) proposed a statistic that was a linear combination of paired and unpaired
t statistics

tcombined = λtpaired + (1− λ)tunpaired. (18)

We investigate paired and unpaired adjustments to a similar linear combination of the
statistics z3 and z1
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zcombined =
1

2
z1 +

1

2
z3. (19)

We chose an equal weighting for the zcombined statistic for mathematical convenience.
Since both z1 and z3 asymptotically follow a N(0,1) distribution, if it is assumed that
these statistics are independent, then it can be shown that the distribution of zcombined

is N(0, 1√
2
).

A confidence interval based on zcombined can be derived using the probability statement

P

(
−Zα/2 ≤

1

2
z1 +

1

2
z3 ≤ Zα/2

)
= 1− α. (20)

The zcombined confidence interval is

B(p1u − p2u) +A(p12 − p21)

A+B
±

2AB(Zα/2)

A+B
, (21)

where

A =

√
p1u(1− p1u)

n1
+

p2u(1− p2u)

n2
, (22)

B =

√
p1+(1− p1+) + p+1(1− p+1)− 2(p11p22 − p12p21)

n12
, (23)

p1+ = a+b
n12

, p+1 = a+c
n12

,

p11 = a
n12

, p12 = b
n12

,

p21 = c
n12

, p22 = d
n12

,

p1u = e
n1
, p2u = g

n2
.

Next, we considered adding the unpaired (z1) adjustment recommended by Agresti
and Caffo (2000) to zcombined. The unpaired adjusted z′combined confidence interval is:

B(p̃1u − p̃2u) + Ã(p12 − p21)

Ã+B
±

2ÃB(Zα/2)

Ã+B
, (24)

where p̃1u = e+1
n1+2 , p̃2u = g+1

n2+2 , Ã =
√

p̃1u(1−p̃1u)
n1+2 + p̃2u(1−p̃2u)

n2+2 , and Zα/2 represents the

1− α/2 quantile of the N(0, 1√
2
) distribution.

Finally, the paired (z3) adjustment was added to z′combined making it fully adjusted for
both unpaired and paired data (z′′combined). The z′′combined confidence interval is:
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B̃(p̃1u − p̃2u) + Ã(p̃12 − p̃21)

Ã+ B̃
±

2ÃB̃(Zα/2)

Ã+ B̃
, (25)

where p̃12 = b+1
n12+4 , p̃21 = c+1

n12+4 , B̃ =
√

p̃1+(1−p̃1+)+p̃+1(1−p̃+1)−2(p̃11p̃22−p̃12p̃21)
n12+4 , and

Zα/2 represents the 1− α/2 quantile of the N(0, 1√
2
) distribution.

7 Comparison of Statistics that use both Paired and
Unpaired Data

We compared all estimators discussed thus far that use both paired and unpaired data.

Figure 8: Confidence interval coverage of the z6, z
′
6, z

′′
6 , z8, zcombined, z

′
combined, z

′′
combined

estimators.

Table 5: Percent coverage for intervals using all data. Overcoverage for the 95% confi-
dence interval is > 0.975, adequate coverage is between 0.925 and 0.975, and
undercoverage is < 0.925.

Percent Coverage z6 z′6 z′′6 z8 zcombined z′combined z′′combined

Over 0.975 0 1.71 4.66 13.09 0 0.34 11.87

Between 0.925 and 0.975 89.82 98.29 91.78 73.09 48.29 80.13 84.47

Below 0.925 10.18 0 3.56 13.82 51.71 19.53 3.66

Figure 8 shows that z′combined had improved coverage compared to zcombined. Further-
more, z′′combined had improved coverage compared to z′combined. As seen in Table 5, z′6 had
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the highest percentage of cases with acceptable coverage with 98.29% of the confidence
intervals having coverage between 0.925 and 0.975. Furthermore, z′6 did not have any
intervals with coverage below 0.925 and had coverage above 0.975 only 1.71% of the
time. While z′′combined, had less acceptable coverage than z′6, it is possible that further
refinements, such as using unequal weights, could improve its coverage.

8 Conclusion

Situations where a mixture of paired and unpaired data occur are common in many
research settings. Researchers often discard one portion of data to be able to estimate
the difference in proportions, but this approach can lead to a significant loss of precision.
To address this, we proposed several new interval estimators that incorporated both
paired and unpaired data.

The interval based on z′6, incorporating the adjustment of Agresti and Caffo (2000),
was found to be the best performing, with acceptable coverage for nearly all cases in-
vestigated, while providing more precise intervals than intervals that discard paired or
unpaired data.

The adjustment for paired data (z′3) improved the coverage of z3 and z′combined, but it
worsened the coverage performance of z′6. Agresti and Caffo (2000) noted that there is
an optimal number of observations to add to the data, and over adjusting can lead to
confidence intervals under-performing. For mixed paired and unpaired data, it appears
that combining the adjustments that were optimal for unpaired-only and paired-only
data over adjusts. Future research is needed to investigate the optimal adjustment for
mixed paired and unpaired data.

z′6 provides the most acceptable coverage, with robust coverage 98.29% of the time
according to our simulation, while providing greater precision than interval estimators
that discard data. Thus, z′6 is recommended as the confidence interval of choice when
estimating the difference in proportions in mixed paired and unpaired designs.
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