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The balanced joint progressive Type-II (BJPT-II) censoring plan has gained
considerable attention in reliability theory and lifetime experiments over the
last decade. It is particularly useful when the objective of an experiment
is to compare the reliability characteristics of units drawn from different in-
dependent production lines (or populations) under identical environmental
conditions.

In this article, we study estimation in two power Lindley distributions
(PLDs) based on BJPT-II censored samples. The maximum likelihood es-
timators of the unknown parameters are obtained together with their as-
sociated asymptotic confidence intervals. Further, Bayes estimators of the
model parameters are derived under informative priors and the linear ex-
ponential (LINEX) loss function. Within the Bayesian framework, highest
posterior density (HPD) credible intervals for the unknown parameters are
also constructed. For the Bayesian computations, Markov chain Monte Carlo
(MCMC) techniques are implemented. To illustrate the proposed inferential
procedures, a detailed simulation study and analysis of two real datasets are
presented. Several optimality criteria are also investigated to determine an
optimal BJPT-II censoring plan.
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1 Introduction

In life-testing experiments and reliability studies, researchers aim to assess the survival
times of products (units) placed under test. However, due to experimental costs, limited
manpower, time restrictions, and other unavoidable constraints, it is often necessary to
terminate the experiment before observing the failure times of all units. Such unobserved
units are referred to as censored units, and the resulting observations constitute censored
data. Various censoring plans have been extensively discussed in the statistical literature
to optimize cost, time, labor, and related factors.

During the last two decades, progressive censoring has received significant attention in
lifetime experiments. A progressive censoring scheme allows the experimenter to remove
predetermined numbers of surviving units at intermediate failure times, in addition to
the terminal point. This scheme was introduced by (Cohen| (1963)). For comprehensive
discussions of progressive censoring and its wide-ranging applications, the readers may
refer to Balakrishnan and Cramer| (2014)) and Balakrishnan and Aggarwala (2000)).

Most conventional censoring schemes (such as Type-I, Type-II, progressive, random, and
hybrid censoring) concern the one-sample problem. However, when the objective is to
compare the lifetimes of two or more competing products manufactured under the same
facility, joint censoring plans become essential. The joint Type-II (JT-II) censoring plan
was first introduced by Balakrishnan and Rasouli (2008) for two exponential populations.
Building on this, Rasouli and Balakrishnan (2010 and [Shafay et al.| (2014) extended
the work to jointly progressive Type-II (JPT-II) and JT-II censoring schemes for two
exponential populations, respectively. The expected number of failures under JPT-
IT censoring was investigated by [Parsi and Bairamov (2009)). Estimation procedures
for JPT-II censored two Weibull populations were developed by Mondal and Kundu
(2019b)). Reliability estimation for JT-II censored stress—strength models with Weibull
component strengths was examined by Cetinkaya/ (2021). Joint Type-II censoring for
two and k Lindley populations was studied in Krishna and Goel (2022) and (Goel and
Krishna (2023)), respectively.

More recently, Mondal and Kundu (2019a)) introduced a new JPT-II censoring plan for
two exponential populations and derived inferences for the associated model parameters.
Subsequently, Mondal and Kundu| (2020) extended this work to the Weibull distribution
under the assumption that both populations have equal sample sizes, naming the scheme
the balanced joint progressive Type-II (BJPT-II) censoring plan. A Bayesian optimal
life-testing plan under the BJPT-II censoring scheme was later proposed by Mondal
et al. (2020). Compared with the general joint progressive censoring plan, the BJPT-II
scheme possesses several attractive analytical properties. In particular, the total number
of removals at each failure time is the same across the two populations, which simplifies
the likelihood structure and improves inferential tractability.

In this article, we focus on estimation problems for two BJPT-II censored populations
when the underlying lifetime distributions follow distinct-scale but common-shape power
Lindley distributions (PLDs). The PLD accommodates a wide range of ageing behaviors,
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including increasing, decreasing, and bathtub-shaped hazard rate functions, making it a
flexible and widely used model in reliability analysis. The distribution was introduced
by (Ghitany et al.| (2013), who studied its fundamental properties and demonstrated its
applicability using real data. Subsequent research on the PLD has been extensive: re-
liability estimation for two and multi component stress—strength models was discussed
by (Ghitany et al.| (2015) and Pak et al. (2018)); estimation under progressive censoring
was explored by [Valiollahi et al.| (2018); Bayesian analysis under various loss functions
was carried out by Pak et al.| (2019)); inference on P(X > Y') under progressive Type-II
censoring was proposed by Joukar et al. (2020); step-stress partially accelerated test-
ing for progressively censored PLD was developed by (Cetinkaya/ (2021); multicompo-
nent stress—strength reliability estimation under progressive censoring was investigated
by |Kumari et al. (2024); [Saini et al.| (2024)); discussed estimation of multicomponent
stress—strength reliability from PLD under progressive first-failure censored samples;
and Shukla et al.| (2025) studied Statistical inference and prediction in unified hybrid
censoring.

In the present work, the following modelling assumptions are explicitly stated and are
used consistently throughout: (i) within each population, lifetimes are independent and
identically distributed (i.i.d.) according to a PLD; (ii) the two populations originate from
independent production lines but are tested under identical experimental conditions; (iii)
both populations share a common shape parameter, representing a common underlying
failure mechanism, but have distinct scale parameters to allow different reliability levels;
and (iv) the joint removal process strictly adheres to a pre-specified BJPT-II censoring
plan. These assumptions play a central role in constructing the likelihood, developing
the Bayesian model, and interpreting the real-data analysis.

The remainder of the paper is organized as follows. A detailed description of the BJPT-
II censoring plan and the associated assumptions is provided in Section Maximum
likelihood estimation (MLE) of the unknown parameters, along with their asymptotic
confidence intervals, is presented in Section Bayesian estimation under the linear
exponential (LINEX) loss function with independent gamma priors is discussed in Sec-
tion [4 A simulation study illustrating the comparative performance of the estimators
is reported in Section [5} A real-data application is analysed in Section [6] Several op-
timality criteria for determining an optimal BJPT-II scheme are explored in Section
Finally, concluding remarks are presented in Section

2 Model description

The BJPT-II censoring plan may be described as follows: Draw two independent ran-
dom samples of sizes [; and I from production lines A; and As, respectively. Let
k < min(ly1,l2) be the pre-specified number of failures at which the experiment will be
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Figure 1: Schematic diagram of the BJPT-II censoring plan.

terminated. The vector of integers R = (R1,..., Rx_1) is chosen in advance such that

N

—1
(Ri + 1) < min(ll, lg),
1

.
I

ensuring that enough units remain in both populations until the kth failure.

Suppose the first failure occurs at time W7 from population A;. At this time, R;
surviving units are randomly removed from the remaining {; — 1 units of Ay, and R; +1
surviving units are withdrawn from the Iy units of Ay. If the second failure occurs at
time W from population Ay, then Ry units are removed from the remaining (lo — R; —2)
units of Ay, while Ry + 1 units are removed from the remaining (I; — Ry — 1) units of
A1, and so on.

This mechanism continues until the kth failure time W} is observed (originating from
either A; or Aj), at which point all surviving units from both samples are removed. Let
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the indicator sequence § = (d1,...,0;) be defined as

1, W; is a failure from population Ay,
0; =
0, otherwise.

The operational implementation of the BJPT-II plan may be summarized as follows:

1. Fix the sample sizes [; and [, the terminal failure number k, and the removal
vector R before initiating the test.

2. At each observed failure time W;, identify the originating population and record
the indicator 9;.

3. Remove R; surviving units from the population where the failure occurred and
remove R; + 1 surviving units from the other population.

4. Continue this process until the kth failure occurs, after which all remaining units
are withdrawn.

Figure [1] illustrates the BJPT-II mechanism, showing two possible terminal configura-
tions depending on whether the kth failure arises from A; or As. At each intermediate
failure time, the total number of removals from the two lines remains equal, highlighting
the “balanced” feature of the plan.

Let the lifetimes of the {; units from production line A;, (X1, Xo,..., X)), be ii.d.
according to the power Lindley distribution (PLD) with scale parameter 8; and common
shape parameter «, denoted by PLD(f,a). The corresponding probability density
function (pdf) and cumulative distribution function (cdf) are

2
Ale) = 12 B (14020 220,020, 51> 0
(1)
1 O e
Fia)=1- LB e S0 a0, B> 0.

1+ ’

Similarly, let the lifetimes of the /s units from production line Ay, (Y1,Y2,...,Y},), be
i.i.d. from PLD(f2, o), with pdf and cdf given by

2
fQ(y) = LBQe_ﬁan (1 +ya) yoz—l’ y > Oa a > 07 62 > Oa
1+ B2

1+ Bo+ Bay” o Bav”
1+ B2 ’

For the BJPT-II censoring plan, the likelihood function of the observed data w =

F(y)=1 y>0, a>0, 83 >0.
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(w1, ...,wy) and indicators & is

k—1
L(W, 6, R, 517ﬁ2, a) = Cl H [{fl(wz) (]. — Fl(wl))RL (]_ — FQ(wi))Ri+l}5i

i=1

< { alwy) (1= Fy (w) B (1= Fy(uw,)) R}

k—1ip 1 1y_ _k-1(p Ok
o [£u(wn) (1= Fy(w ) 755 0= (1= By ()220 o]

k— Ok
J

k— . - _ ) 1—
X [fg(wk) (1- Fz(wk))lrz":}m]“) (1 — Fy (wp))™ Z':ll(RJH)}

3)
where €} = [TF_, {(ll - Z;;ll(Rj +1)) 6+ (la — Z;;ll (Rj+1)) (1— 52)} , is a normalizing

constant.

Although the expression given in equation appears lengthy, it follows directly from
the BJPT-II rules: at each failure time, the likelihood contribution consists of the density
of the failed unit and the survival probabilities of all withdrawn units. The indicator d;
determines whether the factors involving (f1, F1) or (fa2, F») enter the expression at the
ith stage.

3 Maximum likelihood estimation

In this section, we consider the maximum likelihood (ML) estimation of the model
parameters and derive the corresponding asymptotic confidence intervals. Using the
density and distribution expressions in Equations and , the likelihood function of
the unknown parameters (31, 82, ), for given Iy, la, k, and (R1, Ra, ..., Rx_1), based on
the observed data (w,d, R), can be written as

2k 2ko k k

L(w,8,R; By, B2, ) = Cy o —2 2 (1+w?) [ [wd " exp(—B1&1) exp(—B2&2)
1 2 1 (1+ﬁ1)ll (1+ﬁ2)l2 Z];II };[1 151 2G2

k—1 k—1

x [T+ 81+ Broog) 7 TT (1 + B2 + Bt

1 i=1

R;+6;

.
Il

)ll—E?;f(Rﬁl)—‘%( )lz—Zf;f(Rﬁl)—Hék
b

(4)
where (' is normalizing constant, and & = Zf;ll w (14 R;) +wy! <l1 - Zf;ll (R + 1)) ,

& = Zfz_ll w(1+ R;) + wy! (l2 - Z;:%(Rj + 1)): ki = Z?:l 0;, and kg = Z?:l(l —4;).

x (14 B + Brwy 14 Ba + Bowy
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Taking natural logarithms of equation , the log-likelihood function is obtained as

k
InL=In(C1)+klna+2kiInpy — i In(1 4+ 51) + 2ke In B — lo In(1 + B2) + Z(a — 1) Inw;
i=1

k k-1
+ Zln(l +wy') — B1&1 — Bada + Z(Rz +1=6;)In(1+ B + Brwf)

i=1
k1 k—1
(= Doy + 1) = ) (Lt Byt Buf) + D (Re 00 In(1+ By + B
= i=1
k—1
n <12 SR+ -1+ 6k) In(1+ B2 + Bowg).
j=1

()
Differentiating equation with respect to 31, 82, and « yields the nonlinear likelihood
equations. The score function with respect to 5y is

oL _ 2 L, ’S(Rﬁl—@)(uwg) (= S5 (R +1) = 6) (1 + wg)
= 1

S N Y T =
263} fi 1+ 5 —~ 14 b+ fwy 1+ b1 + Brwg
(6)
Similarly, the score function with respect to fs is
oL 2k I e +’§ (R +0)(1+we) (=50 (R +1) = 1+0,) (1 +wg)
By B 1+pB — 1+ B+ fowf 1+ B2 + Bowyy B
(7)
The score function with respect to « is given by
k
olnL k w In w;
v In w; i
fole} a—i-;nw—i—; 14+ wé
. i (Bi+1-0) prug nw; (= E LRy +1) — 6k) frwf Inwy,
P 1+ f1 + frwy! L+ b1+ frwy
+ —(Ri +6) Bow® Inw;  (la — Y521 (R + 1) — 1+ 6) Bowf Inwy, ®
— 1+ Bt fowy? 1+ B2 + Bowy
rk—1 k—1 7
- b1 Zw lnwz(l—i—R)—}-wklnwk(ll (R; +1))
Li=1 7=1 J
[k—1 k—1 ]
— | > wf nw; (14 Ry) + wf lnwk<lg ~ST(R; + 1)) —0.
; j=1 _

The nonlinear equations (@, and do not admit closed-form solutions and must
be solved numerically to obtain the ML estimators 31, 82, and @. The maxLik package
in R can be used for numerical optimization. In our computations, we first fit marginal
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PLDs to each production line separately to obtain stable initial values and then re-
fine the estimates under the full BJPT-II log likelihood given in equation . This
strategy improves convergence behavior without changing the final maximizer of of the
log-likelihood function given in the equation in .

3.1 Asymptotic confidence intervals

In this subsection, we develop a methodology to construct asymptotic confidence in-
tervals (CIs) for the model parameters 51, B2, and «. Starting from the log-likelihood
function in equation ([5)), the observed Fisher information matrix, evaluated at the max-
imum likelihood estlmates (51, Ba, & &), is given by

0?InL 0%*InL *InlL 7

OB 9B19By 910
?InL  0%*InL 9*InL

982081 9B3  0P20a
?InL 9*InL 9*InL
| Jdadf 00032 da? Br1=P1, B2

1(31)8276[) = -

=p2, a=d

After some algebra, the second-order partial derivatives of In L are obtained as follows.

For 51)

L _ 2k ’“Zl (R +1—6))

- - q2
A AL U
b= Y2 (R +1) — oy o2
(14 B+ Brwp)? (L wic)™

The mixed derivative with respect to 51 and By is

9%InL 0%InL
9B10B,  0B0B1

(10)

For the mixed derivative with respect to 81 and «, we have
82111L_kz:1 (Rl-f-l—(gl)
B0 (1+ B+ Brwy
h— Y TH(R+1) — b [

(14 61+ Brwy)?

E (14 wf) Broog In(uw;) = (1+ B + Byw’) wf In(w,)]

(1+wf) Arof In(wy) — (1+ 1 + Braeft) wi In(uwg)]
(1)
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Similarly, for Bs,

L _ 2y = (Ri+6) )
- == 1+ wj
053 52 1+52 ; 1+ B2 + Bowf)? (Lt w) (12)
lh—SH MR +1)—1+446
. 2 E]—l( J ) k (1 —|—U}?)2.

(14 B2 + fow)?

The mixed derivative with respect to 8o and « is
2InL . Al (RZ + 5z)
OB20a — (1+ f2 + fowy
o= Y (Rj+1) — 144,
(14 B2 + Bowf)?

E (14 wf) Bowf In(wi) = (1+ B + Bywf’) wf In(w;)]

(1 ) Bawf In(uwy) = (1+ B2 + Bow) wi In(uwy,)|.

(13)
Finally, the second derivative with respect to « is

2

L k= (w¥n(w))” — 1+ w) w (In(w;))
da? a2 z_: (1+w?)2
k—1

Z (1 fﬂj—j ﬁli)) [w””? In(w;))* = (1 + B1 + Pruws’) wf‘(ln(wi))z}

(Ri + &) . o ,
; 5 o+ Baul )2 [(ngi In(w;))?* = Ba(1+ B2 + Baw) wit (In(w;)) ]

L= SR +1) — 6k
- - (12_:511(+]51w;)2 . {(ﬂlw? In(wy))? — B1(1 + B1 + Brwy) wg(ln(wk))ﬂ

LY (R 1) 146,
(14 B2 + fowy)?

(Zw (In(w;)) R +1)+wk(ln(wk)) [ll

[(ﬁgwg In(wy))? = Ba(1 + B2 + Bowfy) wiy ( ln(wk))z}

(R; + 1)])

(R; + 1)])
(14)

By symmetry of mixed partial derivatives, 0%InL/(0adp;) = 0?InL/(0B10a) and
0?InL/(0a0B2) = 0?InL/(0B20a), so it is sufficient to use the expressions in equa-

tions and .

For 0 < ¢ < 1, the 100(1 — ¢)% asymptotic Cls for 31, B2, and « are given by

<Blj:zc/2 ?(BQ), (Bzizw V(Bg), (&iz</2 ?(a)),

N
=

EM

N
=

(Zw (In(w;)) R +1)+wk(ln(wk)) [lg

I\
-

J
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where 2¢ /5 denotes the 100(1—¢ /2)™ percentile of the standard normal distribution, and

\7(31), 17(52), and 17(@) are the estimated variances of 81, B9, and @, respectively, i.e.
the diagonal elements of the inverse observed Fisher information matrix (31, B2, &)L

4 Bayesian estimation

In this section, we derive the Bayesian estimators of the unknown model parameters
081, B2, and a. Let the prior distributions of 8y, B2, and a be independent gamma
distributions with hyperparameters (a1, b1), (a2, b2), and (as, bs), respectively. Then the
joint prior density of (S, B2, a) is

b1—1_— bo—1 — a—1 —a-
9(181752705) OCBll e a1f1 622 e a252ab3 e a3047

(15)

B, B2, 0 > 0, a;,b; > 0.
The choice of independent gamma priors is motivated by their flexibility on (0, c0) and
their interpretability in terms of prior means and variances. In non-informative or weakly
informative settings, the hyperparameters are selected so that the prior variances are
large, ensuring that the BJPT-II likelihood dominates the posterior. For informative
analyses, the hyperparameters are chosen to reflect plausible reliability levels suggested
by engineering judgment or historical experiments. The prior on the common shape
parameter « is specified independently of (51, 52), which is consistent with the modelling
assumption that the underlying failure mechanism is common across the two production
lines. Combining the likelihood in equation with the prior given in the equation ,
the joint posterior density of (31, B2, ) given the data (w,d,R) is, up to a normalizing
constant

2k1+b1—1 2ko+bo—1

I eXP{—ﬁl(gl + (11)} m

1
W(ﬁlaﬁ%a | W,(S,R) X (1 + 61)

exp{—P2(& + a2) }

k—1 )
X H(l + 61+ ,Blw?)R"H*‘Si (1+ 61 + ﬁlwltj)ll*Z?:ll(RjJrl)*(sk

ol ~
Lo

. . _ ]?,1 ) _
x [T (1+p2+ ng?)R’”Z (1+ B2+ ﬁng)lz SFH(R+1)— 146,

ﬁ
Il
—

[1(1+wf) exp(-asa)

k k
% ak’-i-b:;—l H wf‘_l
=1 1=

—

(16)
Let ¢(p1, B2, ) be a function of the model parameters. We are interested in the
Bayesian estimator of ¢(f1, 2, a) under the linear-exponential (LINEX) loss function.
The LINEX loss function is asymmetric, growing exponentially on one side of zero and
approximately linearly on the other, and is therefore useful for problems where overes-
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timation and underestimation have different practical consequences. It is defined as
Linex (9%, ) =7 [GXP{C@* — ¢} — (" —9) - 1|, (17)

where qg* is the estimator of ¢, and ¢ # 0 and « > 0 are known constants. Without
loss of generality, we set v = 1. The Bayes estimator of ¢(f1, 82, @) under the LINEX
loss given in equation (17]), denoted by QAﬁ*, minimizes the posterior expected loss and is
given by the well-known expression

A~

o = —%m [E{exp(—cqﬁ(ﬁl,ﬁQ,a)) | W,S,RH : (18)

where the expectation is taken with respect to the posterior density 7 (81, 52, | w, 8, R)
given in equation . In the present model, the posterior density given in equation in
does not lead to a closed-form solution. Therefore, to obtain approximate Bayesian
estimates of (1, B2, and a, we employ a Markov chain Monte Carlo (MCMC) scheme,
specifically a Gibbs sampler with embedded Metropolis—Hastings (M—H) steps for the
conditional distributions that are not of standard form. These posterior samples are then
substituted into equation to compute Monte Carlo approximations of the required
Bayes estimators under the LINEX loss.

4.1 Gibbs sampling

The Gibbs sampling technique, introduced by Geman and Geman|(1984), is used here to
obtain the approximate Bayes estimators of the unknown model parameters 31, 82, and
«. Using the posterior distribution given in equation , the full conditional posterior
densities of 51, B2, and « are obtained as follows:

2k14+b1—-1 k—1 s
T (b1 | W, 0, R, @) mexp[—ﬁl(& + ay)] };[1 (1+ By + Brwft) % 19)

k—
X (1+ By + Bruf) 0= Rt =de

2ko+ba—1 k—1
T8, (B2 | W, 8, R, ) ox m exp[—P2(&2 + az)] g (1+ B + Bowf) it 20)

X (1+ B2+ 52101?)[2725;11(&“)71”’“ .
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Tola | w, 8, R, B, B) ox aftba—1 Hw H + w) exp(—asa) exp(—&151) exp(—&252)
=1
k—1 -
x T+ B+ Brw?) 7% (14 By + Brwg)t 2=t (Rt D =0
i=1
k—1
x [T+ B2+ Bow) 4% (14 By + Bowf)*~ Eim Ry )1
i=1
(21)

Note that the full conditional posterior distributions in f are not of standard
form. Hence, a Metropolis—Hastings (M-H) algorithm is embedded within the Gibbs
sampler to generate samples from them.

Algorithm of Gibbs sampler with Metropolis—Hastings

The following steps are used for the generation of posterior MCMC samples:
Step 1. Choose initial values 550), ﬁéo), and (9.
Step 2. Generate o) from using the M-H algorithm:
(i) Propose # ~ N(Inal=1, 1).
(i) Set o™ = exp(6).
(iii) Generate u ~ Unif(0, 1).
)

(iv) Compute
MH
v | a ) = mm{ﬂa(a(j—l) [data)’ 1.

MH

(v) If u < 7, accept and set all) = ; otherwise set /) = li=1),

Step 3. Generate Blj ) from the density given in the equation using an M—H step
identical to Step 2.

Step 4. Generate Béj ) from the density given in the equation using an M—H step
identical to Step 2.

Step 5. Repeat Steps 24 for j =1,2,..., M to obtain the MCMC sample
(a(l)v B£1)7 Bél))7 RN} (a(M)7 B§M)> éM))
The proposal distribution used throughout is normal on the log-scale, ensuring positivity

of the sampled parameters. Let ¢ # 0 be the asymmetry parameter. The Bayes estimator
under the LINEX loss is

q@* = —% In(E[exp(—c¢) | datal)
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Using the MCMC sample with burn-in My, the approximate Bayes estimators are

M

.1 1 :
fi= o |y 2 ew(-el)|.
L 0i=M0+1 ]

: ) .

.1 1 :
g g o ew(-ed)|.
L 0i=M0+1 i

. ) .

1 1 ,

o =—=1In Z exp(—ca(z))
¢ _M_ 0 i=Mo+1 |

4.2 HPD credible intervals

To construct HPD credible intervals, we follow the algorithm of |(Chen and Shao (1999)).
Let the post-burn-in MCMC samples be ordered as

By < -+ < Br—my)» Bo1y < -+ < Bavi—my)» any < S -y
For a nominal confidence level 100(1 — ¢)%, the HPD interval for « is
oy agen),  h=[1=OM = My)], j=1.....(M~ Mo~ h),
where the chosen j satisfies

agm o) = min e o)

Using the same procedure, HPD credible intervals for 51 and S35 are obtained analogously.

5 Simulation study

In this section, the performance and efficiency of the proposed estimation methods for
two BJPT-II censored power Lindley populations are examined using a Monte Carlo
simulation study. Several choices of l1, l2, k, and R are considered, as given in Table
In the standard shorthand notation, the censoring plan R = (14,0, (0,1)()) stands
for (R1 = 1,R2 = 1,R3 = 1,R4 = 1,R5 = O,RG = O,R7 = 1,R8 = O,Rg = 1). To
compute the approximate Bayes estimates, the prior hyper-parameters are chosen such
that b1 /a1 = P1, ba/as = P2, and bs/as = «, i.e. the prior means of the gamma priors
coincide with the true parameter values. The performance of the MLEs and Bayesian
estimates is assessed in terms of the average absolute bias (AAB) and mean squared
error (MSE). For the Bayesian estimates under the LINEX loss function, the asymmetry
parameter is fixed at ¢ = 0.7. Furthermore, the performance of the asymptotic Cls
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Table 1: BJPT-II censoring plans used in the simulation study.

lo Lk R = (Ri,Ra,...,Ri—1) Censoring scheme (CS) No
25 25 20 R = (0(19)) 1
2% 25 20 R = ((0,0,1,0,0,0)3),0) p
25 25 20 R = ((0,0,0)(g), 1) 3
25 20 16 R = (0(15)) 4
25 20 16 R = (0,0,(0,1,0)),0) 5
2% 20 16 R = (1,0014)) 6
32 30 26 R = (0p2s)) 7
32 30 26 R = ((0,0,1,0,0,0)4),0) 8
32 30 26 R = ((0 0,0,0)), 1) 9
30 35 26 — (025)) 10
30 35 26 R = ((0,0,0,0)( 6)> 1) 11
30 35 26 R = (1,(0,0,0,0)()) 12
35 35 30 R = (0(a0)) 13
35 35 30 R = ((0,0,0,0,1,0,0)4,0) 14
35 35 30 R = (0p37), 1, 1) 15
35 35 32 R = (0(31)) 16
35 35 32 R=((0,0,0,0,0,1,0,0,0,0)3),0) 17
35 35 32 R = (0(29),0, 1) 18
35 40 30 R = (0(29)) 19
35 40 30 R = ((0,0,0,0) (7, 1) 20

and HPD credible intervals is summarized via their average lengths (AL) and coverage
probabilities (CP).

The Monte Carlo simulation study is carried out for two sets of true parameter val-
ues: (f1, 02, ) = (2,0.5,0.5) and (f1, B2, ) = (0.5,2,0.5), with the corresponding
hyper-parameters (a1, ag, as, by, ba,b3) = (2,60,75,4,30,37.5) and (a1, a9, as, by, ba,bs)
= (50,2.5,75,25,5,37.5), respectively. For the Gibbs sampling procedure, we take
M = 10000 total iterations and a burn-in period of My = 2500 iterations, i.e. the
first My draws are discarded to allow the chain to approach its stationary distribution.
The whole simulation experiment is then replicated N; = 10 000 times to obtain the AAB
and MSE of the point estimators; the corresponding results are presented in Tables
and The AL and CP of the interval estimators (asymptotic CIs and HPD credible
intervals) are also computed, and the results are given in Tables [3| and [5| respectively.
All computations are carried out using the R software environment.

From Tables and 0] the following conclusions can be drawn:
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Table 2: The AAB and MSE of the ML and Bayes estimates with 51 = 2, #s = 0.5,

a = 0.5.
CS No. B

AAB MSE AAB MSE AAB MSE AAB MSE AAB MSE AAB MSE
1 0.0399 0.1973 0.0116 0.0147 0.0127 0.0181 0.2684 0.1184 0.0614 0.0041 0.0353 0.0021
2 0.0432 0.1712 0.0139 0.0159 0.0110 0.0121 0.2474 0.0957 0.0663 0.0048 0.0317 0.0015
3 0.0396 0.1654 0.0129 0.0162 0.0107 0.0127 0.2518 0.1055 0.0635 0.0043 0.0371 0.0021
4 0.0642 0.2824 0.0197 0.0209 0.0151 0.0150 0.3126 0.1654 0.0649 0.0046 0.0359 0.0020
5 0.0503 0.1881 0.0212 0.0290 0.0128 0.0150 0.2577 0.1055 0.0860 0.0079 0.0359 0.0020
6 0.0773 0.3613 0.0339 0.0454 0.0207 0.0271 0.2839 0.1318 0.0722 0.0055 0.0304 0.0014
7 0.0374 0.1365 0.0200 0.0271 0.0108 0.0110 0.2597 0.1107 0.0821 0.0071 0.0355 0.0020
8 0.0409 0.1118 0.0263 0.0360 0.0108 0.0102 0.2284 0.0814 0.0933 0.0091 0.0320 0.0016
9 0.0358 0.1151 0.0208 0.0290 0.0092 0.0068 0.2268 0.0824 0.0847 0.0076 0.0379 0.0021
10 0.0334 0.1848 0.0093 0.0131 0.0070 0.0071 0.2341 0.0919 0.0621 0.0041 0.0341 0.0018
11 0.0304 0.1795 0.0099 0.0183 0.0069 0.0087 0.2195 0.0797 0.0641 0.0043 0.0367 0.0018
12 0.0344 0.1807 0.0191 0.0329 0.0094 0.0114 0.2370 0.0964 0.0633 0.0042 0.0307 0.0015
13 0.0333 0.1212 0.0186 0.0245 0.0093 0.0084 0.2406 0.0976 0.0835 0.0074 0.0352 0.0019
14 0.0290 0.0914 0.0188 0.0292 0.0083 0.0088 0.2243 0.0838 0.0858 0.0077 0.0367 0.0021
15  0.0248 0.0818 0.0160 0.0276 0.0070 0.0068 0.2115 0.0719 0.0882 0.0081 0.0377 0.0021
16 0.0333 0.1195 0.0210 0.0322 0.0075 0.0059 0.2476 0.0996 0.0872 0.0079 0.0336 0.0018
17 0.0295 0.0946 0.0201 0.0306 0.0077 0.0072 0.2107 0.0744 0.0911 0.0087 0.0336 0.0017
18 0.0322 0.1126 0.0210 0.0302 0.0089 0.0087 0.2162 0.0802 0.0887 0.0083 0.0360 0.0020
19  0.0332 0.1510 0.0123 0.0143 0.0084 0.0086 0.2292 0.0871 0.0705 0.0053 0.0344 0.0018
20 0.0290 0.1135 0.0117 0.0162 0.0062 0.0056 0.2062 0.0679 0.0722 0.0055 0.0344 0.0018

1) The MLEs and Bayesian estimates of (31, 2, and « are mostly unbiased, with

relatively small MSEs, as seen in Tables [2] and

2) From Tables |3/ and |5 it is observed that the CPs of the asymptotic CIs and HPD
credible intervals generally attain the nominal level quite satisfactorily.

3) As the sample sizes (I1,l2) and the number of observed failures k increase, the
biases of both the MLEs and the Bayesian estimates decrease uniformly.

4) The Bayesian estimates under the LINEX loss function tend to outperform the
MLEs in terms of both bias and MSE, owing to the incorporation of prior infor-

mation.

5) The HPD credible intervals provide shorter interval lengths than the corresponding
asymptotic Cls, while maintaining competitive coverage.

Overall, the simulation results indicate that when reliable prior information is available,
the Bayesian procedure under LINEX loss can yield substantial gains in terms of MSE
and interval length, particularly under highly censored BJPT-II designs. In the absence
of such prior information, the MLEs and their asymptotic confidence intervals remain
competitive and may be preferred for their simplicity and prior-free interpretation.
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Table 3: The AL and CP of 95% asymptotic CIs and HPD credible intervals with 8 = 2,
B2 = 0.5, a =0.5.

CS No. b Ba

AL CP AL CP AL  CP AL CP AL CP AL CP

[}
=)
g4
=
[

)
*

1 1.6475 0.9512 0.7795 0.9619 0.4312 0.9431 1.0862 0.9740 0.2230 0.9870 0.1657 0.9250
2 1.4216 0.9272 0.7094 0.9699 0.4060 0.9699 0.9907 0.9260 0.2216 0.9750 0.1663 0.9490
3 1.5569 0.9304 0.7535 0.9920 0.3967 0.9280 1.0465 0.9610 0.2222 0.9660 0.1634 0.9330
4 2.0293 0.9693 0.7456 0.9816 0.4524 0.9325 1.2460 0.9770 0.2219 0.9680 0.1719 0.9310
5 1.5921 0.9521 0.5687 0.9321 0.4232 0.9214 1.0757 0.9310 0.2197 0.9471 0.1677 0.9180
6 2.0041 0.9593 0.6236 0.9249 0.5091 0.9477 1.1776 0.9680 0.2210 0.9760 0.1791 0.9830
7 1.3782 0.9851 0.5786 0.9355 0.3394 0.9231 0.9747 0.9581 0.2195 0.9852 0.1567 0.9030
8 1.2150 0.9252 0.5080 0.9259 0.3371 0.9456 0.8836 0.9230 0.2192 0.9157 0.1547 0.9336
9 1.3378 0.9412 0.5609 0.9324 0.3292 0.9391 0.9309 0.9670 0.2191 0.9781 0.1538 0.9290
10 1.4786 0.9327 0.7984 0.9651 0.3670 0.9704 0.9571 0.9560 0.2230 0.9751 0.1573 0.9190
11 1.3763 0.9213 0.7569 0.9891 0.3531 0.9239 0.9169 0.9450 0.2222 0.9670 0.1543 0.9275
12 1.4509 0.9646 0.6765 0.9823 0.3816 0.9646 0.9510 0.9600 0.2227 0.9810 0.1624 0.9621
13 1.2731 0.9615 0.5771 0.9385 0.3276 0.9462 0.9027 0.9440 0.2193 0.9790 0.1509 0.9391
14 1.2004 0.9256 0.5503 0.9343 0.3197 0.9339 0.8732 0.9501 0.2190 0.9620 0.1491 0.9520
15 1.2071 0.9612 0.5546 0.9321 0.2987 0.9325 0.8523 0.9570 0.2193 0.9740 0.1472 0.9325
16 1.2153 0.9520 0.5406 0.9451 0.3065 0.9360 0.8898 0.9390 0.2190 0.9721 0.1483 0.9213
17 1.1833 0.9435 0.5388 0.9291 0.3008 0.9435 0.8326 0.9401 0.2194 0.9265 0.1467 0.9423
18 1.2200 0.9462 0.5454 0.9422 0.3053 0.9231 0.8545 0.9641 0.2191 0.9660 0.1465 0.9438
19 1.3706 0.9576 0.6945 0.9765 0.3284 0.9153 0.8975 0.9550 0.2208 0.9780 0.1511 0.9439
20 1.3110 0.9352 0.6784 0.9715 0.3218 0.9537 0.8586 0.9650 0.2207 0.9690 0.1494 0.9437

6 Real data analysis

In this section, we illustrate the proposed inferential procedures using two pairs of real-
life data sets. Each pair consists of two independent samples to which the power Lindley
distribution (PLD) is fitted. For each pair, we also construct two BJPT-II censored
samples according to pre-specified censoring schemes.

6.1 Breakdown duration data

We first consider the breakdown durations of an insulating fluid reported in [Nelson
(2005) (Chapter 1, Table 1.1). Among the seven voltage levels, the breakdown times at
32 kV and 34 kV are selected and denoted by A; and As, respectively.

Data set 4; (32 kV): 0.27, 0.40, 0.69, 0.79, 2.75, 3.91, 9.88, 13.95, 15.93, 27.80, 53.24,
82.85, 89.29, 100.58, 215.10.

Data set A, (34 kV): 0.19, 0.78, 0.96, 1.31, 2.78, 3.16, 4.15, 4.67, 4.85, 6.50, 7.35,
8.01, 8.27, 12.06, 31.75, 32.52, 33.91, 36.71, 72.89.
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Table 4: The AAB and MSE of the ML and Bayes estimates with 51 = 0.5, 83 = 2,
a = 0.5.

CS No. B Ba & B B o
AAB  MSE AAB MSE AAB MSE AAB MSE AAB MSE AAB  MSE

1 0.0110 0.0152 0.0366 0.1932 0.0102 0.0142 0.0716 0.0055 0.2609 0.1124 0.0352 0.0019
2 0.0126 0.0202 0.0347 0.1362 0.0080 0.0102 0.0782 0.0065 0.2358 0.0842 0.0322 0.0016
3 0.0107 0.0132 0.0345 0.1561 0.0092 0.0104 0.0734 0.0058 0.2541 0.1066 0.0374 0.0022
4 0.0179 0.0628 0.0331 0.2480 0.0088 0.0200 0.0501 0.0027 0.2621 0.1117 0.0357 0.0020
5 0.0214 0.0613 0.0431 0.2311 0.0096 0.0121 0.0507 0.0028 0.2466 0.0925 0.0332 0.0017
6 0.0132  0.0342 0.0504 0.5423 0.0123 0.0224 0.0499 0.0026 0.2551 0.1039 0.0292 0.0014
7 0.0136 0.0164 0.0418 0.2089 0.0095 0.0105 0.0782 0.0067 0.2446 0.1020 0.0341 0.0018
8 0.0103 0.0153 0.0341 0.1128 0.0076 0.0072 0.0828 0.0047 0.2129 0.0710 0.0321 0.0016
9 0.0144 0.0184 0.0342 0.1330 0.0090 0.0095 0.0805 0.0069 0.2245 0.1042 0.0365 0.0021
10 0.0295 0.0350 0.0462 0.1329 0.0120 0.0087 0.1044 0.0115 0.2453 0.0992 0.0347 0.0019
11 0.0265 0.0374 0.0413 0.1212 0.0093 0.0067 0.1094 0.0126 0.2328 0.0864 0.0366 0.0020
12 0.0408 0.0768 0.0527 0.2208 0.0137 0.0149 0.1126 0.0131 0.2408 0.0952 0.0318 0.0016
13 0.0168 0.0259 0.0320 0.1241 0.0079 0.0073 0.0956 0.0096 0.2466 0.1008 0.0334 0.0017
14 0.0169 0.0262 0.0301 0.1146 0.0072 0.0065 0.0978 0.0100 0.2189 0.0778 0.0351 0.0019
15 0.0199 0.0268 0.0316 0.0945 0.0083 0.0064 0.0993 0.0104 0.2055 0.0682 0.0366 0.0020
16 0.0175 0.0263 0.0284 0.1083 0.0085 0.0080 0.1004 0.0105 0.2314 0.0937 0.0356 0.0017
17 0.0214 0.0314 0.0314 0.0914 0.0089 0.0091 0.1036 0.0112 0.2086 0.0734 0.0326 0.0016
18 0.0192 0.0274 0.0268 0.0803 0.0077 0.0065 0.1012 0.0108 0.2179 0.0799 0.0342 0.0018
19 0.0240 0.0371 0.0390 0.1670 0.0093 0.0079 0.1143 0.0137 0.2340 0.0912 0.0355 0.0020
20 0.0297 0.0459 0.0364 0.1066 0.0084 0.0052 0.1180 0.0145 0.2161 0.0778 0.0367 0.0021

For the breakdown duration data, the observations represent lifetimes of identical com-
ponents produced on two parallel production lines tested under the same operating
conditions. Since the underlying physical failure mechanism is identical, assuming a
common shape parameter « is reasonable, while the scale parameters (51, f2) may differ
due to production-line variability. Separate PLD fits are obtained for A; and As. Fig-
ure [2| shows the empirical and fitted pdf curves and the Q—Q plots. Using the ks.test
function in R, the Kolmogorov—Smirnov distance statistics for A; and A, are 0.2667 and
0.2631, with associated p-values 0.6604 and 0.5379, respectively. The Q-Q plots show
that most sample quantiles lie close to the reference line, with only a few deviations in
the upper tail. These observations confirm that the PLD is an appropriate model for
both data sets.

Using A; and As, two BJPT-II censored samples are generated under distinct censoring
schemes. These are summarized in Table [f] The MLEs, Bayes estimates, asymptotic
confidence intervals, and HPD credible intervals for (81, 82, ) are displayed in Table
Bayesian estimates are obtained under non-informative priors using the Gibbs sampling
algorithm with M = 10,000 and burn-in My = 2,500. The trace plots in Figure [3| show
satisfactory mixing, and the ACF plots indicate negligible autocorrelation. The posterior
histograms are nearly symmetric, confirming stable convergence of the Gibbs sampler.
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Table 5: The AL and CP of 95% asymptotic CIs and HPD credible intervals with 8 =
0.5, f2 =2, a = 0.5.

CS No. b Ba
AL CP AL CP AL  CP AL CP AL CP AL CP

[}
=)
g4
=
[

)

*

1 0.7901 0.9612 1.6617 0.9561 0.4145 0.9474 0.2394 0.9680 1.0682 0.9690 0.1648 0.9221
2 0.7188 0.9565 1.4433 0.9271 0.4023 0.9739 0.2381 0.9752 0.9670 0.9412 0.1658 0.9476
3 0.7410 0.9737 1.5178 0.9235 0.3886 0.9386 0.2390 0.9775 1.0383 0.9540 0.1629 0.9265
4 1.2803 0.9721 2.0876 0.9276 0.4961 0.9529 0.2483 0.9850 1.1558 0.9670 0.1695 0.9748
5 1.2147 0.9654 1.6483 0.9307 0.4504 0.9483 0.2474 0.9676 0.9994 0.9206 0.1698 0.9473
6 1.1057 0.9775 2.3518 0.9704 0.5322 0.9508 0.2479 0.9756 1.4415 0.9560 0.1175 0.9620
7 0.7187 0.9821 1.4927 0.9603 0.3967 0.9761 0.2376 0.9675 0.9512 0.9541 0.1564 0.9332
8 0.6681 0.9675 1.2295 0.9182 0.3425 0.9652 0.2368 0.9752 0.8564 0.9320 0.1593 0.9562
9 0.6867 0.9752 1.3578 0.9351 0.3484 0.9675 0.2136 0.9787 0.9165 0.9620 0.1545 0.9263
10 05175 0.9125 1.3752 0.9521 0.3442 0.9343 0.2357 0.9212 0.9168 0.9490 0.1564 0.9232
11 05014 0.9217 1.3480 0.9597 0.3420 0.9732 0.2347 0.9251 0.9247 0.9641 0.1535 0.9491
12 0.4466 0.9075 1.4180 0.9408 0.3716 0.9342 0.2352 0.9323 0.9363 0.9441 0.1612 0.9540
13 0.5811 0.9310 1.3139 0.9655 0.3290 0.9741 0.2354 0.9512 0.9092 0.9521 0.1516 0.9260
14 0.5684 0.9298 1.2686 0.9649 0.3160 0.9561 0.2352 0.9360 0.8722 0.9630 0.1491 0.9309
15 05618 0.9198 1.2170 0.9699 0.3118 0.9323 0.2349 0.9281 0.8378 0.9561 0.1477 0.9260
16 0.5601 0.9231 1.2603 0.9487 0.3138 0.9573 0.2352 0.9313 0.8760 0.9452 0.1479 0.9421
17 05327 0.9232 1.1638 0.9308 0.3043 0.9154 0.2351 0.9327 0.8274 0.9439 0.1474 0.9424
18 0.5520 0.9206 1.2213 0.9762 0.2995 0.9444 0.2351 0.9220 0.8536 0.9580 0.1469 0.9471
19 0.4927 0.9259 1.3160 0.9407 0.3240 0.9407 0.2349 0.9190 0.8919 0.9462 0.1509 0.9324
20  0.4669 0.9651 1.2636 0.9384 0.3039 0.9384 0.2349 0.9817 0.8629 0.9490 0.1480 0.9280
Table 6: BJPT-II censored breakdown duration data.
CS No. k R w )
0.19, 0.40, 0.69, 0.79, 3.16, 4.15, 0,1,1,1,0,0,
CS-1 10 (0(3), 1,0(), 2, 0)
4.67, 4.85, 8.01, 8.27 0,0,0,0

0.19, 0.40, 0.69, 0.79, 3.16, 4.15, 0,1,1,1,0,0,0,

CS 2 12 (0r4),1,00,1,0
(O, 1,0): 1, 0¢s)) 4.67, 4.85, 7.35, 8.01, 8.27, 12.06 0, 0, 0, 0, 0

6.2 Failure times data

Next, we consider two data sets from [Proschan (1963), with sizes m = 24 and n = 27,
corresponding to failure times (in hours) of the air-conditioning systems installed in 13
Boeing 720 aircraft.

Data set A3 (Airplane 7914): 3, 5, 5, 13, 14, 15, 22, 22, 23, 30, 36, 39, 44, 46, 50,
72,79, 88, 97, 102, 139, 188, 197, 210.

Data set A; (Airplane 7913): 1, 4, 11, 16, 18, 18, 18, 24, 31, 39, 46, 51, 54, 63, 68,
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Figure 2: Empirical and fitted pdf curves and Q—Q plots for data sets A; and As.

Table 7: Parameter estimates for BJPT-II censored breakdown duration data.

CS No. Parameter MLE  Asymptotic CI Bayes Estimate HPD CI
51 0.2338 (0.0413, 0.4264) 0.2235 (0.1171, 0.3415)
CS-1 Ba 0.2890 (0.0812, 0.4968) 0.2745 (0.1598, 0.3918)
o 0.6935 (0.3474, 1.0395) 0.7244 (0.5643, 0.9019)
51 0.2185 (0.0398, 0.3972) 0.2102 (0.1086, 0.3232)
CS-2 Ba 0.3016 (0.0921, 0.5111) 0.2892 (0.1765, 0.4072)
« 0.6861 (0.3847, 0.9874) 0.7091 (0.5666, 0.8503)

77, 80, 82, 97, 106, 111, 141, 142, 163, 191, 206, 216.

Failure times data corresponds to two design configurations of the same component. As
in the previous case, the PLD(/3;, «) model is used with a common shape parameter o
and configuration-specific scale parameters 8, and (2. Independent preliminary checks
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using Q—Q plots, fitted densities, and K-S tests indicate that the PLD provides an
adequate fit for both data sets. Separate PLD fits are obtained, yielding K-S distance
statistics D = 0.1481 and D = 0.2083, and p-values 0.9284 and 0.6749 for A3 and Ay,

Goel, Kumar, Krishna

respectively. Figure 4] shows the empirical and fitted pdfs and Q—Q plots.

Using these two data sets, the BJPT-II censored samples summarized in Table [§] are
generated under two distinct censoring schemes. The corresponding parameter estimates
are presented in Table [0l As in the previous subsection, the trace plots exhibit good
mixing, and the ACF plots show negligible autocorrelation. The posterior histograms
are nearly symmetric, confirming convergence of the Gibbs sampler for both censoring

schemes.

AcF

Ak

Figure 3: Trace plots, ACF plots, and posterior histograms for breakdown duration data.
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Figure 4: Empirical and fitted pdf curves and Q—Q plots for data sets As and Ay.

Table 8: BJPT-II censored failure times data.

CS No. & R w o
CS3 12 (0, 1,1, 1,1,1)  1,4,5,13,14,15,18,23,36,44,50,79 0,0, 1(10)
CS—+4 12 (0(4), 7, 0(4), 1, 1) 1,4,5,13,14,44,46,50,72,82,102,111 0,0, 1(7), 0,1,0

Table 9: Parameter estimates for BJPT-II censored failure times data.

CS No. Parameter MLE  Asymptotic CI Bayes Estimate HPD CI
51 0.1406 (0.0117, 0.2696) 0.1332 (0.0742, 0.1885)
CS-3 5o 0.0502 (0.0011, 0.1077) 0.0463 (0.0174, 0.0748)
o 0.5488 (0.3127, 0.7849) 0.5598 (0.4765, 0.6433)
b1 0.1217  (0.0007, 0.2426) 0.1139 (0.0661, 0.1645)
CSH4 Ba 0.0445 (0.0010, 0.0980) 0.0408 (0.0154, 0.0663)
e 0.5211 (0.2921, 0.7500) 0.5318 (0.4547, 0.6048)
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Figure 5: Trace plots, ACF plots, and posterior histograms for failure times data.
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7 Optimum censoring plans

In this section, we discuss the choice of an optimal censoring plan for fixed l1, 2, k, and a
given censoring scheme R. Several authors have investigated optimal censoring designs
in reliability literature; see, for example, Bhattacharya et al.| (2016, [Dube et al.| (2016)),
and [Mondal and Kundu| (2020). Here, we adopt three standard optimality criteria based
on the observed Fisher information matrix under the BJPT-II censoring scheme. Let
I (Bl, o, &) denote the observed Fisher information matrix, and let I _1(31, s, &) denote
its inverse. For a given censoring plan, we consider the following criteria:

Criterion D (D-optimality): Minimize the determinant of observed variance-covariance
matrix det (I_1 (81, B2, (i)) )

Criterion A (A-optimality): Minimize the trace of observed variance-covariance ma-
trix tr (I_l (81, B2, d)) .

Criterion E (E-optimality): Minimize the largest eigenvalue of observed variance-
covariance matrix )\maX(Ifl(ﬁl, 5o, d)).

Using the breakdown duration data discussed in Section we evaluate these criteria
for several candidate BJPT-II censoring plans. The computed values of the A, D, and
Ecriteria are listed in Table Among the proposed alternatives, the third censoring
plan performs best simultaneously under all three criteria and is therefore considered
optimal for this example.

8 Concluding remarks and future scope

In this paper, we studied the classical and Bayesian estimation procedures for BJPT-
II censored samples arising from two independent power Lindley populations. Under
the classical framework, the maximum likelihood estimators (MLEs) of the model pa-
rameters and their asymptotic confidence intervals were derived. Within the Bayesian
framework, the posterior estimates were obtained under the LINEX loss function us-
ing independent Gamma priors, and the corresponding highest posterior density (HPD)
credible intervals were constructed. A numerical simulation study and two real-data
applications were carried out to demonstrate the performance and applicability of the
proposed methods. Finally, several information-based optimality criteria were applied
to determine an optimal censoring plan from a set of candidate BJPT-II schemes.

The simulation study revealed that both the MLEs and Bayes estimators were nearly
unbiased across a wide range of censoring levels and parameter configurations. The
HPD credible intervals consistently produced shorter interval lengths compared to the
asymptotic confidence intervals, indicating their superiority in terms of precision. The
real-data analyses further validated the suitability of the power Lindley model with a
common shape parameter and distinct scale parameters for modelling the lifetime data
from two independent production lines tested under similar operating conditions.
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Table 10: Selection of an optimal censoring plan from a set of candidate BJPT-II
schemes.

Censoring plan Criterion A Criterion D Criterion E
k=12
w = (0.19,0.40,0.69,0.79, 2.75, 3.16,
6.50,7.35,8.01,8.27,12.06, 31.75) 0.0212 1.0979 x 1077 0.0086
6=1(0,1,1,1,1,0,0,0,0,0,0,0)
R = ¢(rep(0,5), 3,rep(0, 5))
k=12
w = (0.19,0.40,0.69,0.79,2.75,4.15,
4.67,4.85,6.50,7.35,8.01,12.06) 0.0299 1.5952 x 1077 0.0184
4=1(0,1,1,1,1,0,0,0,0,0,0,0)
R = (0, 1,0(5),1)
k=12
w = (0.19,0.69,0.79,2.75, 3.16, 4.15,
4.85,6.50,7.35,8.01,8.27,31.75) 0.0211 0.9421 x 1077 0.0073
4=1(0,1,1,1,0,0,0,0,0,0,0,0)
R = (1,004, 1,004, 1)
k=12
w = (0.19,0.40,0.69,0.79,2.75, 4.67,
6.50,7.35,8.01,8.27,12.07,31.75) 0.0213 1.0553 x 107 0.0088
6=1(0,1,1,1,1,0,0,0,0,0,0,0)
R = (04),2,1,03))

The analysis highlights the flexibility of the PLD in modelling lifetimes with various age-
ing behaviours and demonstrates that the BJPT-II censoring scheme can be effectively
used to compare the reliability of two production lines under identical testing environ-
ments. The simulation results confirm that the proposed estimators perform well under
different censoring severities, with informative Bayesian procedures showing notable im-
provements in highly censored scenarios. The real data examples reinforce that the PLD
with a shared shape parameter and line-specific scale parameters is a plausible model
for the considered datasets, and that the BJPT-II design yields clear and interpretable
comparisons between the two populations.

Possible extensions of this research include: (i) allowing for population-specific shape
parameters and examining issues of identifiability and estimation; (ii) incorporating
covariates through regression structures on the PLD parameters; (iii) formulating robust
or semi-parametric inferential methods that relax the strict PLD assumptions; and (iv)
extending the BJPT-II design to more than two populations or adapting it to stress—
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strength reliability problems under joint progressive censoring. These areas provide
promising directions for future investigation.

Acknowledgments: The authors are thankful to the Managing Editor and the anony-
mous referees for their constructive comments and valuable suggestions, which have
significantly improved the quality and clarity of this manuscript.
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