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This study introduces a new family of distributions, the Topp—Leone—Exponential
generator of distributions. We derive its statistical properties, including the
hazard rate function, quantile function, moments, stochastic ordering, or-
der statistics, and Rényi entropy. For parameter estimation, six parameter
estimation methods, namely, maximum likelihood, least-squares, weighted
least-squares, Cramér-von Mises, Anderson—Darling, and Right-Tail Ander-
son—Darling are applied, and their consistency is assessed via Monte Carlo
simulations for a special case of the new family of distributions. Estimation
and application under type I right censoring scheme are presented. Finally,
we illustrate the goodness-of-fit of the new family of distributions by fitting
a special case to complete and censored data sets from different fields.

keywords: Topp-Leone-G, Generalized Distribution, Estimation Techniques,
Simulations.

1 Introduction

Recently, researchers continue to work on extending distributions by using different
transformation techniques with the aim of improving their flexibility. Some of the dis-
tributions developed using the transformations include Topp-Leone odd log-logistic-G
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family of distributions by Brito et al. (2017). They derived the mathematical properties,
developed a TLOLL-Weibull regression model, and demonstrated the flexibility of the
distribution in modeling real life data. In another study, Aryal et al. (2017) introduced
the Topp-Leone generated Weibull distribution, established several of its statistical and
distributional properties, developed a corresponding regression model, provided charac-
terization results, and illustrated its applicability using real-life data sets. Abbas et al.
(2017) intoduced the Topp-Leone inverse Weibull distribution, derived its key proper-
ties, and showed its usefulness in modeling lifetime data. The Topp—Leone modified
Weibull distribution by Alyami et al. (2022) was proposed as a flexible four-parameter
lifetime model with various hazard rate shapes and improved performance over several
competing distributions in real data applications. Topp-Leone-Marshall-Olkin-G family
of distributions was introduced by Chipepa et al. (2020) to enhance model flexibility by
combining the Topp—Leone and Marshall-Olkin generators, allowing for a wide range of
distributional shapes and improved data fitting performance. The exponentiated Chen
distribution was studied by Dey et al. (2017), with emphasis on frequentist parame-
ter estimation, where several estimation methods were compared through Monte Carlo
simulations, and the model’s applicability was illustrated using real data sets. Rather
and Subramanian (2020) analyzed the exponentiated Garima distribution, focusing on
frequentist estimation, reliability properties, and real data applications. Elgarhy et al.
(2017) proposed the exponentiated Weibull-exponential distribution based on the expo-
nentiated Weibull-G family, studied its properties, estimated parameters using maximum
likelihood, and illustrated its usefulness with real data. Nasiru et al. (2019) proposed
the exponentiated generalized exponential Dagum distribution, derived its statistical
properties, developed maximum likelihood estimators, validated them via simulations
and demonstrated the usefulness of the model with real data, Additionally, Warahena-
Liyanage et al. (2023) introduced the exponentiated half logistic-Harris-G family of dis-
tributions, an extension of the Harris-G family that improves flexibility, tail behavior,
and statistical properties. The study derived key distributional characteristics, risk mea-
sures such as Value at Tisk (VaR) and Tail Value at Tisk (TVaR), compared multiple
parameter estimation methods by simulation, and demonstrated the superiority of the
model using real data sets.

Several factors motivated the development of the new family of distributions: i) to de-
fine special models with different shapes of hazard rate function; ii) to produce skewness
for symmetrical models; iii) to provide consistently better fits than other generalized
distributions with the same underlying model; iv) to generalize some existing models in
the literature; v) to modulate the weight of the tails of any parental distribution.

The rest of the work is organized in the following manner. Section 2 present the
novel Topp-Leone-Exponential generator (TL-Exp-G) of family of distributions, reliabil-
ity and hazard rate functions, sub-families, linear representation and quantile function.
In Section 3, moments, moment generating function, stochastic ordering, the distribu-
tion of order statistics, and Rényi entropy are presented. In Section 4, some special
models from the TL-Exp-G family of distributions are presented. Risk measures and
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their simulations are presented in Section 5. Section 6 contains six different estimation
methods to estimate the unknown parameters of the TL-Exp-G family of distributions.
In Section 7, Monte Carlo simulations are employed to examine the consistency property
of six estimation methods for the TL-Exp-G distribution family. Real data applications
are given in Section 8. Section 9 is concerned with estimation and application under
censoring, followed by some concluding remarks in Section 10.

2 The New Family of Distributions

Al-Nasser and Hanandeh (2025) recently introduced the exponential transformation
(ET) family based on the exponential function via a baseline distribution function, say,
G with parameter 6, where 6 € (0,00). In this note, we will expand the exponential
transformation via the Topp-Leone family of distributions with baseline cumulative dis-
tribution function (cdf) G(x; ¢) for parameter vector ¢. The cdf of Exp-generator family
of distributions is given by

F(z;a,0) = G(x; 0)67‘1@(1;9), (1)
for x > 0,0 > 0 and a > 0, where G(x;0) = 1 — G(z;0).

In this section, we define the cdf and the probability density function (pdf) of the
TL-Exp-G family of distributions. Sub-families are also presented. The cdf and pdf of
the TL-Exp-G family of distributions are respectively given by

F(x;b,a,¢) = [1 - (1 — G(x; go)eaé(IW))Q] ’ (2)

and

—aG(z;p)

f@iba,p) = 2bglz;p)e (1+aG(a:)) (1~ Glasp)e ")
b—1

X (1 - (1 - G(x;ga)e““c““")f) , (3)

for b > 0,a >0, G(x;¢) = 1 — G(x;¢) and parameter vector .

2.1 Sub-Families

Sub-families of the TL-Exp-G family of distributions are given below.

e When b = 1, we obtain a new family of distributions with the cdf
—aG@i) 2
Flzia,9) =1-— (1—G(w;<p)€ ) ; (4)

for a > 0 and parameter vector p.
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e When a = 1, we obtain a new family of distributions with the cdf

o 210
F(z;b,0) = [1 ~ (1= Glasp)e ©) ] : (5)
for b > 0 and parameter vector .

e When b = a = 1, we obtain a new family of distributions with the cdf

o)\ 2
Flaig) = 1- (1= Glasp)e "), (6)
for parameter vector .

e When « = 0, we obtain Topp-Leone-G (TL-G) family of distributions with the cdf

Flasbg) = [1- (-Gl | @

for b > 0, and parameter vector ¢. (See Al-Shomrani et al. (2016) for details).

2.2 Reliability Measures

The survival function and hazard rate function (hrf) of the TL-Exp-G family of distri-
butions are given by

S(z;b,a, ) =1— {1 — (1 — G(x; gp)eaé(zw)Z] b, (8)

and

—aG(x;p)

h(z;b,a,0) = 2bg(;p)e (14 aG(x;¢)) <1 — G(x; cp)e_aé(mp))

(1 B (1 - G(z; SD)e_QG(fcw))2>b—1
<1 B [1 - (1 — G(z; @)e“G(I;m)?] b) -1 | i

X

X

for b > 0, > 0 and parameter vector .

2.3 Linear Representation

In this sub-section, we express the pdf of the TL-Exp-G family of distributions as an
infinite linear combination of exponentiated-G (Expo-G) densities. Making use of the
generalized series expansions, the pdf of the TL-Exp-G family of distributions can be
expressed as follows:

o0 oo
F@sbo,0) = > & 00,0 (@0) + w10, (@),
q=0 r=0
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(see Appendix for derivations), where g _,(z;0) = (¢ + 1)[G(x;¢)]%(z;¢) and
G (30) = (r + D[G(z;9)]"g(x; ) are the Expo-G pdf with the power parameters
(¢+ 1) and (r + 1) respectively, and parameter vector ¢, with

k7j7l7p:0

(")

[e.9] . .

, b—1\ 2k +1\ ! (5 + 1) [/
w,, =20 > (—1)k+ﬂ+l+p+Q< ) ( , ), (11)

k.j,l,p,q=0 K J Hr+1) \p

I+p\[(qg+1
q r )
Thus, the statistical properties of the TL-Exp-G family of distributions can be ob-
tained from those of the Expo-G family of distributions.

and

2.4 Quantile Function

The quantile function Q(u) of the TL-Exp-G family of distributions is obtained by
solving the non-linear equation

F(Q(u)) = [1 - (1- G(@(u))e‘“@(“”)z]b ~u,

so that,

1

GQ))e I =1 - (1 - u%) ? (12)

By multiplying both sides of equation (12) by ae”, we have

aG(Q(u)e™ @™ = ae” [1 (- ui)é] |

It can be seen that aG(Q(u)) is a Lambert L function of the real argument
1

2
ae’ [1 — (1 — u%) ] . The Lambert function say, L, is defined as

L(x)el® = g,

this has 2 real branches with a branching point located at (—e~!,1). The lower branch,
L_1(x), is defined in the closed interval [—e~! 1] and it has a negative singularity as
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x — 07. The upper branch, Lo(z), is defined for z € [—e~!

This implies that,

, 00].

L<ae‘” [1 - (1 - u%) %] ) = aG(Q(u)). (13)

For any > 0 and u € (0,1), we have aG(Q(u)) > 1 and

1

2
ae” [1 - <1 - u%) ] < 0, we can write equation (13) as

ae’ (1 - (1- ui)%>

Hence, the quantile function for the TL-Exp-G family of distributions is given by

e <1—(1—ui>%>]}. (14)

In this section, we present some statistical properties of the TL-Exp-G family of distri-
butions such as moments, moment generating function, stochastic ordering, distribution
of order statistics and Rényi entropy. For convenience and without any loss of generality,
we set f(z;b,a, p) = f(x) to be the pdf of the TL-Exp-G family of distributions.

L = aG(Q(u)).

Qu) = Gil {;L1

3 Statistical Properties

3.1 Moments and Generating Function

Let Y11 ~ Exzponentiated —G(p+1,¢), then the k' raw moment, 1, of the TL-Exp-G
family of distributions is given by

ph = E(X") = / 2 f)de =6, EYVa) + > w,, B(Yyi),
o q=0 r=0

where E(Y;)k_H) is the k' moment of Y1, with €, and w,_, are given by equations
(10) and (11), respectively. The moment generating function (MGF), for || < 1, is given

by:

Mx(t) = E(e™) =) & Mpra(t) + Y w, Mpia (1),
q=0 r=0

where M, 1(t) is the mgf of Y, 11, with § ., and w
(11), respectively.

.41 are given by equations (10) and
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3.2 Stochastic Orderings

This subsection presents some stochastic orders for the TL-Exp-G family of distributions.
These include stochastic order, hazard rate order, and likelihood ratio order.

Suppose Fx(t) and Fy(t) are the cdfs of two random variables X and Y, and de-
fine Fx(t) =1 — Fx(t) and Fy(t) = 1 — Fy(t) as the corresponding survival functions.
Then, the random variable X is said to be stochastically smaller than Y if, for all t,
Fx(t) < Fy(t) (or Fx(t) > Fy(t)). It is represented by X <4 Y or X < Y. Moreover,
if Fx(t) < Fy(t) for some ¢, then X is stochastically strictly less than Y and denoted as
X < Y. In the case of hazard rate order denoted by X =<5, Y, hx(t) > hy(t) for all ¢.
Similarly, X is said to be smaller than Y in the likelihood ratio order denoted by X <. Y
if £x(0) 4o decreasing in t. It has been shown that X <, Y — X <X, Y = X <Y

Ty (t)
(Szekli (2012)).

Theorem: Considering two random variables, denoted as X; and X5, which follow
the TL-Exp-G family of distributions. Let X7 ~ fi(x;b1,a,¢) and Xo ~ fo(x;be, a, ).
If b > by, then X; and X, are stochastically ordered.

Proof Note that we can write the pdf’s of X; and X5 as follows:

—aG(z;p)

fi(z; by, a,0) = 2big(z;p)e

X <1 - (1 — G(x; so)e“G(”W)Q)

(1+ aG(z;¢)) (1 - G(x; go)e*aC:(z;«p))
bi—1

and

—aG(z;p)

fa(z;b2,0,0) = 2bag(w;p)e (1+ aG(z;9)) (1 — G(x; go)e_aé(zw)

) <1 a (1 - G(x; @)e_"c<zw>2>b21 |

respectively. Then, the ratio

filwibi,anp) by o acen 2\
fo(z;ba, ) by <1 Glzsp)e ) ' (15)

Differentiating equation. (15) with respect to z yields

d fl (xy bla «, SO) (b1 — 62) bl aG(zip) 9 bi—by—1
il _ (1 .
dzx <f2($;b2,04, Sp) by ( G($,<p)e )

—aG(x;p)

x 29w @)e " (1+ aGaip) (1- Glae)e "777), (16)

which is negative if bs > b;. Therefore, likelihood ratio order X = Y exists, and we
can conclude that the random variables X; and X5 are stochastically ordered.
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3.3 Order Statistics

In reliability theory and quality control testing, order statistic plays a vital role in
predicting the time to failure of components. Suppose X1, Xo,...., X, are independent
and identically distributed random variables from the TL-Exp-G family of distributions.
The pdf of the i*" order statistic from the TL-Exp-G pdf f(x) can be written as

() = 21f(x) Zﬁi_ [z—1 pysi-1
) = ey o (e (17)
Using equations (2) and (3), we have
F@IF@PT = > 0, 00,0 @0) + Y 6o (1590), (18)
q=0 r=0

(see Appendix for derivations), where g _,(z;0) = (¢ + 1)[G(x;¢)]%(x;¢) and
G (30) = (r + D[G(z;9)]"g(x; ) are the Expo-G pdf with the power parameters
(¢+ 1) and (r + 1), respectively, and parameter vector ¢, with

b = 3 st ()T (B S (1)

k,5,l,p=0

()

_ |y b(s+i)—1><2k+1>al(j+1)l<j>
Oria = 20 Z ’ Pq( k J Nr+1) \p

k,3,l,p,q=0
l4+p\[/qg+1 (20)
q ro)

Thus, by substituting equation (18) into equation (17), the pdf of the i*" order statistic
from the TL-Exp-G family of distributions can be written as

and

fi:z(lU) = (Z _ 1 Z _ Z Zz% < >¢q+19q+1 (.CE; ()0)
z! 0 it f(Z—1 )
PRI QU IRCE

This shows that the pdf of i*? order statistic from the TL-Exp-G family of distributions
can be obtained from those of the Expo-G family of distributions.
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3.4 Rényi Entropy

Rényi entropy is a measure of randomness or uncertainty in the system. It is mostly
used in information theory. Rényi entropy is defined to be

1 o0
Ir(v) = . Vlog </ [f(x)]”d:r),v;él,u>0. (22)
- 0
Note that
v VoV (o S ktjtritprg (V) (V0= 1)\ (2k+v
@l = @) Y (e (V)OS0 (3
a,k,j,l,p,q=0
a+l(; l ;
! D q
(23)
(See Appendix for derivations).
Rényi entropy for the TL-Exp-G family of distributions is given by
_ 1 N 1\k+itHpta v(b=1)\ (2k+v
o) = poles| Y @D D)
a,k,3,l,p,q=0
at+l( s l : 1
. G+v) fa+i\[(l+p [1+g]
l! P q v
) q a v
< [ ([1+ 9] @taion? (o) as
0
1 oo
= 7 log [Z o exp (1 — e)IREG)}, (24)

q=0

v
for v > 0, v # 1, where I, = 1 log (fooo ([1 + 4] (G(z; ) v (g(x go))) dm) is the
Rényi entropy of Expo-G distribution with power parameter (£ + 1), and

Tor1 = i (2b)" (—1)kFIHHPTa (a) (V(bk— 1)> <2k + 1/)

4k lp=0 J

SO T

Thus, the Rényi entropy of the TL-Exp-G family of distributions can be obtained from
that of the Expo-G family of distributions.

4 Some Special Cases

In this section, we introduce three special cases of the TL-Exp-G family of distributions
by generalizing the Weibull, Burr XII, and Burr III distributions.
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4.1 Topp-Leone-Exponential-Weibull Distribution

B

If we consider the Weibull distribution with cdf and pdf given by G(z; 5) = 1—e™*" and

g(x; 8) = Bxﬁfle*“ﬁ, respectively, for 8 > 0 and x > 0, as the baseline distribution, then
the Topp-Leone-Exponential-Weibull (TL-Exp-W) distribution has cdf and pdf given by

_B\ 2 b
F(z:b,0,B) = [1 — <1 —(1—e e ™ ) ] (25)
and

[(esha,B) = 2P’ tem(ree ) (1 +a(l - e_xﬁ)> <1 - (1- e—xﬁ)eae_xﬁ>

b—1

R

for b, > 0,a > 0.

25
1

20

density
15

1.0

05
1

00
I

Figure 1: Plots of the pdf and hrf of the TL-Exp-W distribution

Figure 1 shows the plots of the pdf and the hrf of the TL-Exp-W distribution for
different parameter values. The pdf can take various shapes including uni-modal, reverse-
J, and left or right-skewed. Graphs of the hrf exhibits increasing, decreasing, bathtub,
and upside-down bathtub shapes.
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TL-Exp-W(1.2,a,B) TL-Exp-W(1.2,a,B)

TL-Exp-W(b, 0.9, B) TL-Exp-W(b, 0.9, B)

Figure 2: 3D-Plots of the skewness and kurtosis for TL-Exp-W distribution

Figure 2 shows that TL-Exp-W distribution can model data sets with different levels
of skewness and kurtosis.

4.2 Topp-Leone-Exponential-Burr XII Distribution

If we consider the baseline distribution as the Burr XII distribution with cdf and pdf
given by G(z;¢,k) =1 — (1 + 2% and g(z;¢, k) = ckx® (1 + 2¢)~F+D | respectively,
for ¢,k > 0 and x > 0, then the Topp-Leone-Exponential-Burr XII (TL-Exp-BXII)
distribution has cdf and pdf given by

b
F(x;b,a,c, k) = [1 — <1 —(1-01+ $C)—k)ea(1+acc)_k>2]
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and

—a z€ —k
f('1:7 b7 «, C, k) = 2bCk{L’c*1(1 —+ gjc)f(k+1)e (+2%) <1 + Oé(]. _ (1 + .’L’C)ik)>

(1 : (1 —-a+ xc)—k)ea%c)_k)Q)bl

_a 2~k
X (1 — (1= (14+2% e (e ) ,

X

for « > 0,b,¢,k > 0. We obtain the new Topp-Leone-Exponential-Log-Logistic (TL-
Exp-LLoG) distribution and the new Topp-Leone-Exponential-Lomax (TL-Exp-Lom)
distribution when k£ = 1 and ¢ = 1, respectively.

1.0
1.5

08
I

1.0

density
04
X

05

7

0.0
|
0.0

Figure 3: Plots of the pdf and hrf of the TL-Exp-BXII distribution

Figure 3 shows the plots of the pdf and the hrf of the TL-Exp-BXII distribution for
different parameter values. The pdf can take various shapes such as uni-modal, reverse-
J, left-skewed and right-skewed. Graphs of the hrf exhibit different shapes such as
increasing, decreasing, bathtub, bathtub followed by upside-down bathtub, and upside-
down bathtub shapes. Figure 4 shows that TL-Exp-BXII distribution can model data
sets with different levels of skewness and kurtosis.
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TL-Exp-BXII(1.6,0,c,1.2) TL-Exp-BXII(1.6,a,c,1.2)

TL-Exp-BXIi(b, 0.8, 2.2,k) TL-Exp-BXIi(b, 0.8,2.2,k)

Figure 4: 3D-Plots of the skewness and kurtosis for TL-Exp-BXII distribution

4.3 Topp-Leone-Exponential-Burr III Distribution

If we consider the Burr III distribution with cdf and pdf given by G(z; ¢, k) = (1+27¢)7*
and g(x; ¢, k) = ckx=¢"1(14+27¢) %=1 respectively, for ¢, k > 0 and 2 > 0, as the baseline
distribution, then the Topp-Leone-Exponential-Burr III (TL-Exp-BIII) distribution has
cdf and pdf given by

b

—a(l— =~k 2
F(z;b,a,c, k) = [1— (1_(1+a?_c)_ke (1-(1+277) )> ]
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and

—a(l— z—€ —k
f(x7 b7 a, C, k) = chkl‘_c_l(l + x—C)—k‘—le -0+ 7 (1 + a(l + x—C)—k‘)

R
(1= (=)

—a(l— x ¢ -k
X <1—(1+:L‘_C)_ke (=t >),

X

for a > 0,b,¢,k > 0.

3.0
I
3.0
I

25
25

density
15 20

1.0

05 1.0
I I

05
I

00

00

Figure 5: Plots of the pdf and hrf of the TL-Exp-BIII distribution

Figure 5 shows the plots of the pdf and the hrf of the TL-Exp-BIII distribution for
different parameter values. The pdf for the TL-Exp-BIII distribution can be reverse-J,
uni-modal, right-skewed, and left-skewed. Graphs of the hrf exhibits increasing, de-
creasing, bathtub, upside-down bathtub and bathtub followed by upside-down bathtub
shapes. Figure 6 shows that TL-Exp-BIII distribution can model data sets with different
levels of skewness and kurtosis.
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TL-Exp-BII(1.8,a,5.8,k) TL-Exp-BII(1.8,a,5.8,k)

TL-Exp-Blii(b, 1.4, c,9) TL-Exp-Blii(b, 1.4, ¢, 9)

Figure 6: 3D-Plots of the skewness and kurtosis for TL-Exp-BIII distribution

5 Risk Measures and Numerical Studies

In this section, we discuss risk measures including: value at risk (VaR), tail value at
risk (TVaR), tail variance (TV), and tail variance premium (TVP) which are usually
utilized by financial and actuarial professionals to assess the market risk of a portfolio
of instruments.

5.1 Value at Risk

VaR is an actuarial measure that is often used to assess risk in the financial markets. It
is referred to as the quantile risk measure or the quantile premium principle, and it is
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always provided with a stated degree of confidence, such as (90%, 95%, or 99%). The
VaR of the TL-Exp-G family of distributions is given by

VaszG_l{;Ll[aea (1— (1—vi)%>:|}, (27)

where v € (0,1) is a specified level of significance.

5.2 Tail Value at Risk

TVaR is used to express the expected value of loss in the case that an event beyond the
predetermined probability threshold has actually occurred. The TVaR of the TL-Exp-G
family of distributions is given as

1
TVaR, = EX|X>uz,)= = zf(x)dx

= 1_U Z/ EorrTgn (@ )dl’+2/ W, 19, (@3 0)da |

—0 VaR,
(28)

where { , and w, ., are given by equations (10) and (11), respectively.

r+1

5.3 Tail Variance

Tail variance is the actuarial measure that examines variation outside of the VaR. The
TV of the TL-Exp-G family of distributions is given by

TV, = B(X?|X >, - (TVaR,)*
_ ! /OO 22 f(2)dz — (TVaR,)?

1—vw

VaR,
SR o
= 7 Z§q+1/ x qu(m ® dx—l—Zw / 229, (z;9)dz | — (TVaR,)?,
— v q:0 V ” r= 0 VGRU

where £, and w,, are given by equations (10) and (11), respectively.

r+1

5.4 Tail Variance Premium

The TVP is a significant risk measure that is crucial to the study of insurance. The
TVP of the TL-Exp-G family distributions is given by

TVP, =TVaR, + §(TV,), (30)

where 0 < § < 1. The TVP of the TL-Exp-G family of distributions can be obtained by
substituting equations (28) and (29) into equation (30).
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5.5 Numerical Study of Actuarial Measures

In this sub-section, we perform numerical simulation of the risk measures: VaR, TVaR,
TV and TVP of the TL-Exp-W distribution and compare to those of the sub-models
TL-Exp-W(b = 1, «, 8), TL-Exp-W (b, = 1, 3), TL-Exp-W(b = 1, = 1, 8) and Topp-
Leone exponential-exponential (TLE-E) by Sanusi et al. (2020) and Topp-Leone inverse
Gompertz (TLIG) by Adegoke et al. (2023). Actuarial measures were obtained by gener-
ating a random sample of size n = 100 from these distributions, and using the maximum
likelihood method of estimation to estimate the model parameters. Secondly, a repeti-
tion of 1000 iterations are made in order to find the values of the risk measures for the
distributions. The model with higher values of VaR, TVaR, TV and TVP is said to have
a heavier tail. From the figures in Table 1, we conclude that the TL-Exp-W distribution
have a heavier tail than the models including the TLE-E and TLIG distributions, hence
it is suitable for modelling heavy-tailed data.

Table 1: Simulation Results of VaR, TVaR, TV and TVP

Significance level 0.7 0.75 0.8 0.85 0.9 0.95
TL-Exp-W (b = 2.5, = 0.9, 8 = 1.8) VaR 0.8272 | 0.9483 | 1.0970 | 1.2897 | 1.5638 | 2.0401
TVaR | 1.5068 | 1.6310 | 1.7838 | 1.9821 | 2.2646 | 2.7554

™V 0.5078 | 0.5143 | 0.5226 | 0.5337 | 0.5497 | 0.5783
TVP 1.8622 | 2.0167 | 2.2019 | 2.4358 | 2.7594 | 3.3048
TL-Exp-W (b =1, = 0.9, 8 = 1.8) VaR 0.2840 | 0.3161 | 0.3530 3971 | 0.4539 | 0.5392
TVaR | 0.3983 | 0.4180 | 0.4390 4606 | 0.4789 | 0.4651

™V 0.0157 | 0.0164 | 0.0182 0222 | 0.0316 | 0.0572
TVP 0.4093 | 0.4304 | 0.4536 4795 | 0.5074 | 0.5194
TL-Exp-W((b =25, = 1,8 = 1.8) VaR 0.3866 | 0.4136 | 0.4443 4808 | 0.5276 | 0.5983
TVaR | 0.4928 | 0.5114 | 0.5321 5556 | 0.5818 | 0.6039

™V 0.0118 | 0.0121 | 0.0129 0150 | 0.0202 | 0.0380
TVP 0.5011 | 0.5205 | 0.5425 5683 | 0.6000 | 0.6400
TL-Exp-W(b =1, = 1,8 = 1.8) VaR 0.2608 | 0.2914 | 0.3268 3692 | 0.4240 | 0.5067
TVaR | 0.3801 | 0.4009 | 0.4240 4496 | 0.4768 | 0.4919

™V 0.0136 | 0.0137 | 0.0144 0165 | 0.0223 | 0.0417
TVP 0.3896 | 0.4112 | 0.4356 4637 | 0.4968 | 0.5315
TLE-E(oc = 2.5,A = 0.9, = 1.8) VaR 0.4165 | 0.4446 | 0.4764 5142 | 0.5626 | 0.6357
TVaR | 0.5161 | 0.5332 | 0.5515 5705 | 0.5871 | 0.5783

™V 0.0151 | 0.0163 | 0.0187 0234 | 0.0337 | 0.0627
TVP 0.5267 | 0.5455 | 0.5665 | 0.5904 | 0.6174 | 0.6380
TLIG(ax = 2.5, A = 0.9, 8 = 1.8) VaR 0.6455 | 0.5878 | 0.5254 | 0.4559 | 0.3744 | 0.2681
TVaR | 0.0003 | 0.0004 | 0.0005 | 0.0007 | 0.0011 | 0.0021

™V 0.0002 | 0.0003 | 0.0004 | 0.0006 | 0.0008 | 0.0016
TVP 0.0006 | 0.0007 | 0.0009 | 0.0012 | 0.0018 | 0.0037

o

Q0200000000000

6 Parameter Estimation

In statistical analysis, estimating the unknown parameters for the given sample is an im-
portant concept. In this section, we estimate the unknown parameters of the TL-Exp-G
family of distributions by using six different estimation methods, namely, Maximum
Likelihood (MLE), Anderson-Darling (ADE), Right-Tail Anderson-Darling (RADE),
Ordinary Least Squares (LS), Weighted Least Squares (WLS) and Cramér-von Mises
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(CVME).

6.1 Maximum Likelihood Estimation

Let X ~TL — Exp — G(b,, 0) and A = (b, , 0)T be the vector of model parameters,
then the log-likelihood function ¢,, = £,(A) based on a random sample of size n from
the TL-Exp-G family of distributions is given by

LA) = M@)o Gase)+ > In(l+aG(z;¢))

i=1 i=1
n

+ Zln <1 — G(x; (p)eiamzw» + Zln (g(xi;0))
i=1

=1
+6-p3m <1 - (1~ 6 so>e‘°‘G<W>)2) |
=1

In order to obtain the estimates of the unknown parameters from the TL-Exp-G family

of distributions, we solve U = (%Lg, %%v %)T = 0, using a numerical method such as

Newton-Raphson procedure. Elements of the score vector are given in the appendix.
The Fisher information matrix is given by

Jop(A)  Tya(A)  Tpyp(A)
J(A): Ja,b(A) Ja,a(A) Ja,w(A) ) (31)
Jyp (D) Jypa(BA)  Jyyu(A)

2
where J; ; = _9 f;j(rng) for i, = b, a, 9.

The multivariate normal distribution Ny12(0, J(A)~!), where the mean vector 0 =
(0,0,0)7 and J(A)~! is the observed Fisher information matrix evaluated at A, can be
used to construct confidence intervals and confidence regions for the individual model
parameters and for the survival and hazard rate functions.

6.2 Anderson-Darling Estimation

Suppose X1y, X(2), ---; X(n) are the order statistics of a random sample of size n from the
TL-Exp-G family of distributions. Then, the Anderson-Darling estimates (ADEs) of the
TL-Exp-G family of distributions are obtained by minimizing the following function:

n

Ab,a,p) =—n — - Z (2 —1) [log (F(:U(i); b, a, go)) + log (S’(:U(i); b, v, go))] ,
i=1

where F(z;); b, a, ) and S(z(;); b, @, ¢) be the cdf and survival function of the it" order
statistic from the TL-Exp-G family of distributions. The ADEs can also be derived by
solving the non-linear equations
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- 19 b 192 n 7i;b7 )
Y (@2i-1) (2@ibare)  V (Teapibiare) =0,z=1,2,3,  (32)

= F(zg)ib,on ) S (@(ng1-i); by, @)
where
5 (ib,one) = OF (ac(%;bb,a, <p)7
0o (2 b, o) = or (x(g;ab’ ) :
and 3 (z(5); b, 0, ) = aF(”g;f’“’@), (33)
i=1,2,....k

6.3 Right-Tail Anderson-Darling Estimation

Right-Tail Anderson-Darling estimates (RADEs) of the TL-Exp-G family of distributions
are determined by minimizing

n

1
R(b,a,p) = 5 — 2ZF )i b, ) — 52(21' — 1) log S(z(n—iy1); 0, @, ).
=1

The RADESs may also be obtained by solving the non-linear equation
n

b ) 192 i;ba 9
_22 a(‘p)+12(2i—1)5 SO =0,

a:(l b, o, ) n (Tnt1-im; by, )

where 9, (x(i); b, a, go) are defined in equation (33).

6.4 Ordinary Least Squares Estimation

The ordinary least squares estimates (OLSEs) of the parameters of the TL-Exp-G family
of distributions are obtained by minimizing the function

n

Vb, ) = Z |:F (:c(i);b,oz,go) B

=1

. 2
7

n—+1

The OLSEs can be obtained by solving the non-linear equations

n

Z I:F (IB(Z),b,Oé,QD) - n—lli- 1:| 192 (.%'(1)717,(1,()0) = O,Z = 172737

=1

where 9 (z(;); b, , @) are defined in equation (33).
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6.5 Weighted Least Squares Estimation
The weighted least squares estimates (WLSEs) of the parameters of the TL-Exp-G family

of distributions are obtained by minimizing the function

n

W(b,a,go)zz

i=1

7
n—+1

(n+1)*(n+2)
iln—i+1)

|:F ('I(Z)a ba «, SD) -

with respect to b, a and baseline parameter vector ¢. The WLSEs can be obtained by
solving the non-linear equations

n

(n+1)*(n+2) , ¢ . _ 04—
Z in—i+1) F (2(); b, 0, ) nri 0. (233);b,0,9) = 0,2 =1,2,3,

i=1

where 9, (az(i); b, a, gp) are defined in equation (33).

6.6 Cramér-von Mises Estimation

The Cramér-von Mises estimates (CVMESs) of the parameters of the TL-Exp-G family
of distributions parameters are obtained through the minimization of the function

1 i 2i — 117
i=1

with respect to b, & and baseline parameter vector . The CVMEs can also be obtained
by solving the non-linear equations

Z |:F (:U(z)vbaa?(p) - 2127_1 1:| (o (x(z)abaa>§0) =0,2=1,2,3,
i=1

where ¥, (:c(i); b, o, gp) are defined in equation (33).

7 Simulations

In this section, a Monte Carlo simulation study is used to assess the performance of
parameter estimates of the TL-Exp-W distribution obtained via six estimation meth-
ods discussed in Section 5. A simulation study was carried out by generating N =
3000 random samples from the TL-Exp-W distribution for various sample sizes of n =
25,50, 100, 200, 400, and 800.

To assess performance of the different estimation methods, we used the statistics: av-
erage bias (ABias) and root mean square error (RMSE). The ABias and RMSE for the
estimated parameter, say, A, are given by:

~

. N . N o\ )2
ABias(\) = %Z(AZ —A), and RMSE(\) = Zz:l(/\]\;A),

=1
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Table 2: Simulation Results for Different Estimation Methods for b = 2.0, = 0.5,8 =

\ MLE LS WLS RADE CVME ADE
n  Parameter | ABIAS RMSE ABIAS RMSE | ABIAS RMSE ABIAS RMSE ABIAS RMSE ABIAS RMSE
25 b 0.26831 117158 | —1.9808160  2.30351} | —0.915303)  1.1324(2 | —0.5628(2  0.978411} | —1.366811)  1.398911 | —1.729915)  1.8985(5}
a 0.092411 063551 | 0.52071F  1.062916} | —0.5656(5} 0.79108} | —0.667016F  0.9475} | 0.2935¢}  0.80031} | —0.286612}  0.323411}
8 0.07061  0.27302} | 1.368007  1.428205} | —0.1744(2}  0.1765(1} | —0.702114  0.84021} | 1.381416}  1.4655(6} | 0.50183)  0.679413
> ranks 10 32 16 22 27 19
50 0.179111 0.930812} | —1.4391(6F  1.7747(6} | 078643} 0.96771} | —0.5333(2}  0.94148} | —1.26740F  1.35516} | —0.796814  0.916511}
a 0.07311} 0477112} | 0.28881 0901310} | 04637170 0.479203 | —0.4936{6}  0.6645°F | 0.26001}  0.631614 | —0.282803F  0.3081{1}
8 0.03091  0.273012 | 1.367(6} 1422203 | —0.148818  0.1502(1 | —0.5538(3F  0.661203% | 1.3137%) 1472016} | 0566214 0.6692(4
3" ranks 9 33 18 22 27 17
100 b 0.102510  0.73905{1 | —1.4297(6} 1453016} | —0.414310  0.752303) | —0.39873}  0.7401(2F | —1.151412) 126710} | —0.772615)  0.8534(4
a 0.0362(1  0.34022} | 0.278911  0.6442(6} | —0.3062(5} 0.34410} | —0.483916} 0.50374} | 0.258612}  0.60651} | —0.27881% 0.291111}
8 0.01601  0.1012{1 | 1.2365(00 1200316} | —0.13711%  0.1383(2 | —0.528103F  0.62601%F | 1.228500 127180 | 0576514 0.6538(4
> ranks 7 34 19 21 24 21
200 b 0.06691  0.573011 | —1.3003(0r  1.401416} | —0.387613  0.683303 | —0.34872  0.61691% | 107740 117650} | 0736914 0.7901{4
@ 0.025210  0.2557{1F | 0.2595(1  0.32501F | —0.107512  0.259012 | —0.4158(6}  0.4245(61 | 0.256203}  0.30981" | —0.26101%  0.2705(3}
8 0.00581  0.0686{1 | 1.1022(6)  1.1299(6} | —0.1135(2} 0.124012} | —0.5203(3) 0.612614 | 1.09000%  1.11150} | 0.535414  0.5703(3}
3 ranks 6 33 14 23 27 23
400 b 0.042711  0.315811 | —1.1166(6F  1.3008(6} | 010402} 0.59620} | 0345561 0.506712F | —1.06150F  1.17070%} | —0.700914}  0.731014}
a 0.0055(1  0.182712} | 0.230811  0.2807(4} | —0.0201(2} 0.174811} | —0.414916}  0.417816} | 0.248415}  0.29445} | —0.23193}  0.239913}
8 0.00441  0.04801 | 1.064611 1075310} | —0.106812  0.118012 | —0.3968(4  0.60231} | 0.60881°F  0.76221 | 0.162803  0.5132(3}
> ranks 7 32 12 25 30 20
800 b 0.0412(1  0.27491} | —0.5337141  0.540314 | —0.061812  0.306912 | —0.344303}  0.482403} | —0.537610  0.54501F | —0.673415F 068936}
a —0.000811  0.16451F | 0144780 0186701 | 0.00982  0.1655(2 | —0.3117(60  0.3124{6} | 0243305} 0.2861(5} | —0.2175(%  0.2183(%}
8 0.0030t  0.04211 | 0461207 0.49150} | —0.09950F  0.1007(2} | 014561} 0.405314} | 0.500616}  0.671716} | 0.05961%}  0.257113}
>~ ranks 6 24 13 26 32 25
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Figure 7: Plots of RMSEs of parameters in Table 2
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Table 3: Simulation Results for Different Estimation Methods for b = 0.7, = 0.7, 8 =

\ MLE LS WLS RADE CVME ADE
n  Parameter | ABIAS RMSE ABIAS RMSE ABIAS RMSE ABIAS RMSE ABIAS RMSE ABIAS RMSE
25 b 0.0531111 0.314201 | 0.8667140  0.91281) | 0.2660(20 056310} | —0.40831  0.4823(2} | 0.8915(5)  0.94500} | 1.7888{6}  1.7953(6}
a 0.0537¢1F  0.612512F | —0.4442031 0449711 | —0.4256120  0.778214 | —1.3216{0F  1.344015F | —0.80501%F  0.83991} | —0.44574  0.677613}
8 0.27815110  0.8122(1 | —0.7365("  0.84730} | —1.2517(6F 1332616} | —0.65031*0 0.651411} | —0.76205F 0.7699%} | —0.612512F  0.7220{2}
3 ranks 10 21 23 21 28 23
50 0.03091  0.221311 | 0.7779¢  0.786814 | —0.236812F 0250212 | —0.400283%  0.463713 | 0.8407(5F  0.87920% | 1.7410(6}  1.772616}
« 0.0344418 0435712 | —0.42463)  0.426911) | —0.1443(2} 0482314 | —1.0931(6}  1.095516) | —0.4460(5} 0.451013) | —0.4299(4}  (.48371%}
B 0123611 0.431911) | —0.722814)  0.7453(4} | —1.2155(6  1.250616} | —0.6366(3} 0.6371{2} | —0.737115} 0.7466(} | —0.6084{2} 0.7072(3}
> ranks 7 20 22 23 28 26
100 0.018111 015110} | 07655141 0.767514) | —0.2004030 0235613 | —0.165312)  0.1942(2} | 0.7730(5}  0.7864%} | 1.7273(6}  1.7320{6}
a 0.00531 0301911} | —0.42250 0424803} | 0106610 0309712 | —1.086410  1.091718} | —0.4306{"  0.433414 | —0.4178(2  0.47280%
8 0.050211  0.25081} | —0.693411  0.69461"} | 0.8993(6F  0.970616} | —0.587203  0.5894(2} | —0.7203(5} 0.7376%} | —0.570712  0.6735(3}
> ranks 6 22 25 21 28 24
200 b 0.00621"  0.1035(1 | 0763611 0.76431"} | —0.098912F  0.1667(2} | —0.12201  0.193703} | 0.7654(5}  0.76801°} | 1.4418(6} 147516}
a 0.004511 0.216411} | —0.286511  0.299613) | —0.0868(2F 0257712} | —0.193513)  0.9354(6} | —0.4279(6} 0.42041} | —0.40611%}  0.4673(5}
8 0.0225¢F  0.166012 | —0.4906%3 0592015 | 0.04320 0157211 | —0.5865(°F  0.586714 | —0.7091(6}  0.714116} | —0.5062(4  0.508113}
> ranks 7 23 11 24 32 29
400 b 0.00601H  0.07231 | 0.75730F 0757715 | —0.05000  0.074712 | —0.11258F  0.152813 | 0.760910  0.761615 | 0.642614  0.647814
a —0.00081 0.148712 | —0.2798t  0.2859(3} | —0.024512  0.1461(1} | —0.191413  0.9149(6} | —0.42478}  0.4261{4 | —0.38691°} 0.4298(5}
8 0.014411 0117103 | —0.20276F  0.34951) | 0.0388(2F 0133712} | —0.56180)  0.5634(5} | —0.5646{6} 0.692716} | —0.4011{4  0.4628{4
3" ranks 7 23 11 25 34 2
800 0.0040  0.0635(2} | 0.539010%  0.541316} | —0.0258(2F  0.0544{1} | 0.099203  0.1006(% | 0457815} 0.52170} | 0.3930(  0.4210(4
a —0.0003(1 0.135311) | —0.2182(4 025800} | —0.022312}  0.1450(2} | 0178183} 0.278114) | —0.276916)  0.2832(5} | —0.26341%}  0.2979(6}
8 0.0037¢1F  0.080611 | —0.1966%  0.197014 | 0.030611  0.093812 | —0.3083(6F  0.50831%} | —0.3044{5} 0.37571% | —0.263114  0.168713
3 ranks 7 26 11 25 31 2
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Figure 8: Plots of RMSEs of parameters in Table 3
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Table 4: Partial and Overall Ranks of all Estimation Methods of TL-Exp-W Distribution
by Various Model Parameter Values

Parameters n | MLE | LS | WLS | RADE | CVME | ADE
25 1 6 2 4 ) 3
50 1 6 3 4 5 2
b=2.0,aa=0.5,6=0.5.| 100 1 6 2 3.5 5 3.5
200 1 6 2 3.5 5 3.5
400 1 6 2 5 3
800 1 3 2 6 4
25 1 25| 4.5 2.5 6 4.5
50 1 2 3 4 6 5
b=0.7,a=0.7,=1.5.] 100 1 3 5 2 6 4
200 1 3 2 4 6 5
400 1 3 2 4 6 5
800 1 4.5 2 3 6 4.5
> ranks 12 51 | 31.5 43.5 67 47
Overall rank 1 5 2 3 6 4

In Tables 2 and 3, the row indicating > Ranks represents the partial sum of the
ranks. Among all the estimators for a given metric, the superscript indicates their rank.
Table 2 presents, for example, the ABIAS of b obtained via MLE method as 0.2683{1}

for n = 25. This indicates that the ABIAS of b obtained using the MLE method ranks
first among all other estimators.

Table 4 shows the partial and overall ranks of all the estimation methods of TL-Exp-
W distribution by various model parameter values. Based on the results in Tables 2 and
3, the TL-Exp-W distribution is stable, as the ABIAS and RMSE values for its three
parameters are modest. With increasing sample size, the bias occasionally decreases
while the RMSE decreases for all estimations as the sample size increases. In general,
all estimation methods provide accurate bias and mean squared error estimates for large
sample sizes. Table 4 shows that MLE method allows us to obtain better estimates of
TL-Exp-W parameters, followed by WLS and then RADE methods. According to the
rankings, the CVME method performs the least well.

8 Applications
In this section, we illustrate the performance of the TL-Exp-G family of distributions

by fitting the special case of the TL-Exp-W distribution to two real data sets. The
performance of the models were assessed using the well recognized goodness-of-fit statis-
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tics, namely, -2loglikelihood (-2 log (L)), Akaike Information Criterion (AIC), Consistent
Akaike Information Criterion (CAIC), Bayesian Information Criterion (BIC), Cramer-
Von Mises (W*) and Andersen-Darling (A*) as described by Chen and Balakrishnan
(1995). We also computed the Kolmogorov-Smirnov (K-S) goodness-of-fit statistic. The
model with the smallest values of these goodness-of-fit statistics and a higher p-value for
the K-S statistic, is regarded as the best fitting model.
The package AdequacyModel in R software for goodness-of-fit statistics was used in the
analysis. Model parameter estimates (standard errors in parenthesis) and the goodness-
of-fit-statistics for the two data sets are shown in Tables 5 and 6. We also present plots
of the fitted densities, the histogram of the data and probability plots (Chambers et al.
(1983)) to show how well our model fits the observed data sets.
We compared the TL-Exp-W distribution with several other non-nested models, namely
Topp-Leone exponential exponential (TLE-E) by Sanusi et al. (2020), Topp-Leone in-
verse Gompertz (TLIG) by Adegoke et al. (2023), Type I Half Logistic-Weibull (TIHL-
W) by Kumar et al. (2015), Topp-Leone-Weibull (TL-W) by Rezaei et al. (2017),
Weibull-Lomax (WLx) by Jamal et al. (2019) and exponentiated half logistic (EHL)
by Johnson et al. (1994). The pdfs of these distributions are given in the appendix.
We present plots of fitted densities, histograms of the data and probability plots for

each example to show how well our model fits the observed data sets. To obtain the
R . i — 0.375
probability plot, we plotted FTL_Exp_W(m(j); b, &, B) against j—FW’ =12, n,
n .
where T(;) are the ordered values of the observed data. The measures of closeness are

: . (§-0375\17
given by the sum of squares SS = Z?Zl Fri—gep-w(z3;); b, &, 8) — (71—1—()25 .

In addition, profile log-likelihood plots, empirical cumulative distribution function
(ECDF), Kaplan-Meier (K-M) survival curve, total time on test (TTT) plots and hrf
plots are presented.

8.1 Environmental Data

The first data measures the acidity of rainfalls for forty days in the state of Minnesota.
This data set was analyzed by Elbatal et al. (2022). (See the data in the Appendix).

The estimated variance-covariance matrix for TL-Exp-W model on the environmental
data set is given by

0.7423 x 10794 2.0471 x 10797 1.0242 x 10793
2.0471 x 10797 5.6534 x 10~ 1.0817 x 10707
1.0242 x 1079 1.0817 x 10797 1.9249 x 10793

and the 95% confidence intervals for the model parameters are given by
b €[0.131046.1177 x 107%], o € [344.4800 4+ 1.4737 x 10~%] and 3 € [1.1078 4-8.5993 x
10792], respectively.
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Table 5: Parameter estimates and goodness-of-fit statistics for various models fitted to
the environmental data

Estimates Statistics
Model b o B8 —2log (L) AIC AICC BIC w* A* K-S p-value
TL-Exp-W 0.1310 344.4800 1.1078 93.06351  99.06348 99.73015 104.1301 0.0361 0.2793 0.0727  0.9839
(3.1213x10792)  (7.5190x107%)  (4.3874x10792)
o A ¥
TLE-E 86.7890 20.0330 0.0326 94.01098  100.0109 100.6776 105.0776 0.0404 0.3152 0.0767 0.9725
(9.1007x1079%)  (1.7611x107%)  (1.1431x1079%)
« A s
TLIG 0.3245 0.8847 12.5096 98.59627  104.5963 105.2629 109.6629 0.0921 0.6551 0.1129  0.6873
(0.4684) (0.6263) (2.8536)
a b @
TLW 0.1949 40.9058 0.0683 104.0022  110.0021 110.6688 115.0688 0.2755 1.7571 0.1710 0.1925
(0.0026) (4.5449) (0.0136)
A 4 vy
TIHLW 0.0319 0.1514 4.1700 97.87511  103.8751 104.5418 108.9417 0.1057 0.6958 0.1048 0.7710
(0.0246) (0.0052) (0.5380)
a A
EHL 13.9756 1.0097 - 102.3704  106.3704 106.6947 109.7482 0.0396 0.3052 0.1538  0.3002
(6.2805) (0.1357)
WLx 0.2984 2.3457 9.1626 95.59287  101.5929 1022595 106.6595 0.0773 0.5248 0.0967 0.8478
(0.1090) (2.2077) (2.7330)

Table 5 indicates that TL-Exp-W has the lowest values of all goodness-of-fit statistics
and the highest p-value for the K-S statistic. Therefore, we can conclude that the
TL-Exp-W model performs better than the other models presented in Table 5 for the
environmental data. In addition, Figure 9 shows that the TL-Exp-W outperforms the
competing non-nested models on the environmental data. Figure 10 shows the profile
log-likelihood plots for parameters of the TL-Exp-W distribution for the environmental
data. It can be seen that the MLEs of the TL-Exp-W distribution can be uniquely
identified.
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Figure 10: Profile log-likelihood function plots for parameters of TL-Exp-W distribution
on the environmental data

Figure 11 shows the cdf curve and the survival function of the TL-Exp-W distribution
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Figure 9: Fitted density and probability plots for the environmental data

in green superimposed on the empirical cdf and Kaplan-Meier (K-M) curve in black.
It can be seen that the plots are close to each other which indicate that our model is
explaining the characteristics of the environmental data. The TTT plot for the envi-
ronmental data indicates an increasing hazard rate function and our model correctly
captured the hazard rate function as shown in Figure 12.
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Figure 11: Estimated cdf and Kaplan-Meier survival plot for the environmental data
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Figure 12: Scaled TTT-Transform plots and fitted hazard rate function for the TL-Exp-
W distribution for environmental data

8.2 Remission Times Data

The second data set is on the remission times (months) of 128 bladder cancer patients
(Lee et al. (2003)). (See the data in the Appendix).

The estimated variance-covariance matrix for the TL-Exp-W model on the remission
times data is given by

0.3919 —0.5928 —0.0035
—0.5928 1.0158  0.0081 [,
—0.0035 0.0081  0.0003

and the 95% confidence intervals for the model parameters are given by
b € [2.2447 £+ 1.2269], « € [3.8082 + 1.9754] and S € [0.3668 + 0.0324], respectively.
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Table 6: Parameter estimates and goodness-of-fit statistics for various models fitted to
the remission times data

Estimates Statistics
Model b « B —2log (L) AIC AICC BIC w* A* K-S p-value
TL-Exp-W 2.2447 3.8082 0.3668 821.1111  827.1112  827.3047 835.6672 0.0317 0.22258 0.0537  0.8537
(0.6260) (1.0078) (0.0165)
o A ¥
TLE-E 1.2169 872.0400 6.9270x 107 826.1947  832.1947  832.3883  840.7508 0.1125 0.6764 0.0733 0.497
(2.0209%10710)  (4.4460x10713)  (5.6105x107°6)
« A B
TLIG 1.7834 2.5317 5.6548x 1079 1032.851  1038.86  1039.0530 1047.416 1.0595 6.2999 0.3439 < 0.0001
(0.0723) (0.0788) (1.5866x 10794)
a b o
TLW 0.1735 0.5000 5.0413 822.9283  828.9283  829.1218  837.4844 0.0600 0.4113  0.5394 < 0.0001
(0.0868) (0.1033) (2.5363)
A ) ¥
TIHLW 0.4391 0.4588 0.8880 830.1918  836.1918  836.3854  844.7479 0.1660 0.9780 0.0765  0.4420
(0.0412) (0.0395) (0.0603)
a A
EHL 0.9527 0.14397 - 833.2714  837.2714  837.3674 842.9754 0.2171 1.2739 0.0949  0.1994
(0.1091) (0.0144)
WLx 0.1000 112.4400 5.1888 823.6775 829.6775 829.8711 838.2336 0.0737 0.4682 0.0581  0.7795
(0.0012) (0.0024) (0.3527)

Table 6 presents the goodness-of-fit statistics for various models fitted to the remission
times data. The TL-Exp-W distribution has the highest p-value for the K-S statistic and
the lowest values for all goodness-of-fit statistics. Thus, we conclude that the TL-Exp-
W model performs better on the remission times data than the non-nested presented in
Table 6. Figure 13 shows the histogram, fitted densities and probability plots on the
remission times data. It can be seen that TL-Exp-W outperforms the competing models
in capturing the characteristics of the remission times data. Figure 14 shows the profile
log-likelihood plots for parameters of the TL-Exp-W distribution on the remission times
data. This shows that the MLEs of the TL-Exp-W distribution are identifiable.
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Figure 14: Profile log-likelihood function plots for parameters of TL-Exp-W distribution
on the remission times data

In Figure 15, we see that the fitted cdf for the TL-Exp-W distribution is closer to the
empirical cdf while the survival function in blue is also close to the Kaplan-Meier (K-M)
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Figure 13: Fitted density and probability plots for the remission times data

curve which indicate that our model is working properly in explaining the remission
times data. The TTT plot for the remission times data indicates an upside-down hazard
rate function and it is correctly captured by our model as shown in Figure 16.
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Figure 15: Estimated cdf and Kaplan-Meier survival plot for the remission times data
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Figure 16: Scaled TTT-Transform plots and fitted hazard rate function for the TL-Exp-
W distribution for remission times data

9 Censoring

In this section, we estimate the parameters of the TL-Exp-W distribution and apply the
results in a scenario with type I right censoring.

9.1 Type I Right Censoring

This is the most common form of incomplete data often encountered in survival analysis.
Type I censoring arises when the study is conducted over a specified time period that
can terminate before all the units have failed. Consider a sample of size n of independent
positive random variables X7, ..., X,,, such that X is associated with an indicator variable
¢; = 0 if X; is a censoring time. Let A = (b,a, )’ be the vector of model parameters,
then the log-likelihood function ¢, = ¢, (A) of a type I right censored sample based on
a random sample of size n from the TL-Exp-G family of distributions is given by
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In order to obtain the estimates of the unknown parameters from the TL-Exp-G family
of distributions under type I right censoring, we solve U = (%, %, %’;)T = 0, using
a numerical method such as Newton-Raphson procedure. Elements of the score vector

are given in the appendix.

9.2 Censoring Application: Maintenance Data

The set of data is the maintenance data with 46 observations reported on active re-
pair times (hours) for an airborne communication transceiver. The data given has eight
observations removed to illustrate type I right censoring. The data was analyzed by
Fagbamigbe et al. (2019). (See the data in the Appendix).

The estimated variance-covariance matrix for the TL-Exp-W model on the type I right
censored maintenance data is given by

0.0015 —0.6199 —0.0003
—0.6199 298.7189 0.1796 |,
—0.0003  0.1796 0.0017

and the 95% confidence intervals for the model parameters are given by
b € [0.0883 £ 0.0748], o € [40.4761 + 33.8756] and S € [0.4820 + 0.0808], respectively.
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Table 7: Parameter estimates and goodness-of-fit statistics for various models fitted to
the type I right censored maintenance data

Estimates Statistics
Model b a B —2log (L)  AIC AlICC BIC
TL-Exp-W 0.0883 40.4761 0.4820 190.3708  196.3708 196.9423 201.8568
(0.0382) (17.2834) (0.0412)
«@ A B
TLIG 1.4968 1.1061 7.7514x107% 1917579  197.7572 198.3286 203.2431
(0.4321) (0.2263) (0.0194)
a b «
TLW 0.0437 0.9345 0.5830 212.5334  218.5334 219.1048 224.0193
(0.0167) (0.4141) (0.3856)
A 1 ~
TIHLW 4.2694 x10% 2.0008 x107% 0.4496 194.8727  200.8729 201.4443 206.3588
(1.2264 x1071%)  (2.6169 x1079) (7.3415 x10~11)
a A
EHL 0.6251 0.2251 - 196.2472  200.2472 200.5262 203.9045
(0.1209) (0.0538)
WLx 89.1000 1.1029 0.0048 271.2388  277.2388 277.8103 282.7248
(6.5935 x107%) (0.5072) (0.0010)

From the results given in Table 7, it is clear that the TL-Exp-W distribution outper-
forms the other fitted distributions since it has the lowest values of the goodness-of-fit
statistics: —21n(L), AIC,CAIC, and BIC.

10 Concluding Remarks

In this paper, we developed and presented a new extended family of generalized dis-
tributions called the Topp-Leone-Exponential generator (TL-Exp-G) of distributions.
Several statistical properties of the new family of distributions are presented. Different
estimation methods are considered to estimate the parameters of the TL-Exp-G family
of distributions. Monte Carlo simulations were used to evaluate the consistency property
of the estimation methods for a special case of the TL-Exp-G distribution. Lastly, we
illustrate the usefulness of the new family of distributions by fitting a special case of
the TL-Exp-G family to complete and censored data sets. In the future, we will seek
to estimate the parameters of the new family of distributions using Bayesian technique.
The new family of distributions can also be generalized using bivariate and multivariate
extensions.

Appendix

Click on the link below for results in the appendix.
https://drive.google.com/file/d/1ZstUoRRAHttF8CTegZKEDEYKQLeRbCuy/view?usp=
sharing
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