Mathematical Appendix to “Interconvertible Rules”

M1: Proof of Rule 1
ZpyiX; < L(p1ixi, PoiXi) > P1iXi
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M2: Proof of Rule 2
Since XL(vq;, vo;)log(vy;/vei) = 0, we obtain

X))/ (Zp1ix; Iy
ZL(vu,voi)log (pui)/ (pyts) ZL(vll,vol) (logz“ L JogPAi l) =

(poixi)/ (Epoix;) Xi ZpoiX;
pyix; L(v1, Vo) (Pu’ i)
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M3: Proof of Rule 3

Z Vi log (pll) = L(Epllxu ZpOl 1) lOg ( Puiz) E(pllxl pOixi)
b D1i
Z L(pyixi, PoiX:) 10g( = l) = Z x;L(p11, Poi) log <i>
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M4: Proof of Rule 4
From (6), we have

log (5722) = 2 () s (72)
where
v1; = P12/ EpP1iz0)  Voi = 00i21)/ (Epoiz;) , and L(vy;, v6;) / (EL (015, V1)) = 6.
Using vy;/vo; = (01:2P0iZi) / (PoiZP1iZzi) = p1i/ (PoiB), We have
L(vy4, vo;) = voiL(v1i/V0i, 1) = voiL(p1:/00iB), 1) = (oi/ (00 B))L(P11 Poi B)-
Thus &; = (Vo;/Poi) L(P11 PoiB)/ (E(Woi/Po) L(P1is Poi B))-
0i = (p0i6i(Z(U0i/p0i)L(p1i'pOiB)))/(L(pli'pOiB))- 1)

Since Xvy; = 1, we have




2(Voi/Poi) L(P1i oiB) = 1/(Z(Poi5i/L(P1i, PoiB)))- (2
From (1) and (2), we derive

Voi = (Poizi)/ Epoizi) = (00i8i/L(P1i,D0iB))/ (EP0i6i/L(P1i PoiB))-
Hence

z; = C 6;/L(p1i, DoiB)
where C is any predetermined value. We set C = 1 for simplicity.

M5: Proofs of (8) and (9)
M5-1 Rule 2®Rule 3
This combined rule yields:

atog (525) = 23pilog () = v 1og (52:7)

where 2£6; = land ¥ > £B; = 1. Thus 2 < 0Q¥, which implies (8).
M5-2 Rule 1®Rule 4
This yields:

1og (57 = amextog () = (o (5:5)

where Za; < 1.Thus 2 = NZa;, which implies (9).

M®6: Proofs of (14) and (15)
M6-1 Rule 3®Rule 2
This combined rule is

Yyilog (p“) = Nlog ( p“x‘> =>0Y B;log (p“>

IPoiXi

where Q > Xy; and 26; = 1. Thus, we have (14).
M6-2 Rule 4®Rule 1
This combined rule derives

XYi log (pll) = (Zyy) log ( 191121) = Cy) X a; log (p“)

where Xa; < 1. Thus, we have (15).

M7: Proof of (27)
oU./8qy = (—1/v) (Za;(q:) /N (—ya;(q,) ™)
= WU)"™ai(qe) ™" = Ay
(U™ ai (@)™ = Aebeieie 1)
This yields



U™ 20;(qe) ™" = 2 ZPeidei = AeYee- (2)
Combining (1) and (2) leads to

(ai(q:)7")/Cai(q:)7Y) = Peiqei) /Yee = Weei = V-
Hence L(vy;,vo;) = L(Wy1i, Wooo)-

M8: Proof of (31)
Since z; = a;/L(cy, ¢oiB) = a;/(G(cy4,¢0,)B*®) and
a; = (G(P11, Poi) G (c11, €01))/ G (My1, Mgo),
we have

Scyizi _ 2(c1i6@1iPod)/(G(M11,m00)B*®)) _ ZcqiG(P1iPoi)
Zcoizi  2(CoiG(P1iP0i)/(G(M11,Me0)BO5))  ZcoiG(P1iP0i)

MO9: Proof of Rule 1®Rule 3 (Appendix A.1)

Nlog (ZZ: t) = QZa;log (p“) = 0¥ log (zz:i )

where

_ Luxipox) @ _ Xi
LEp1ixiZpoix)’ b LP1iPoi)  LEP1ixiZpoixi)

i
and

L(Zp1iXxi,ZDoiXi)
¥ = L(Zp1iZi, IpoiZi) = M =1L

M10: Proof of Rule 2®Rule 4 (Appendix A.2)

n log( PuZ ‘) = 3p;log (pu> = 2(ZB;) log (ZpuZl)

IDoiXi iZi
where
L(v13,v0;) P1iXi PoiXi §i
Bi 2L, v0i) Bi PO T mpyax” 0 T Epgix” TV T L(paipoiB) Bi
and
B = Zp1iXi (: ZPu'Zi)
Ipoixi Ipoizi
Uy i\ (ZPoiXi i
Here’ 21 (@) (M) — ﬂ Thus
Voji Poi/ \Ep1iX; PoiB

L(v14,v0i) = voiL(v1;/v0i, 1) = (Woi/ P0iB))L(P1i, Doi B)
= (x;/ Cp1ix))L(P1i Poi B)-



\ g, = xi/(Zp1ixi) _ X
L 2/ CEpux))L(P1iPoiB)  ExiL(P11,p0iB)’

M11: Proof of Rule 3®Rule 1 (Appendix A.3)

)

Y a;log (Z—z) = log (ﬁ) =0 Bilog (Z—:)

where x; = a;/L(p1i, Poi) , 2 = L(Ep1ix;, Epoix;), and

g = L(p1ixi, DoiXi) _ Q; _ %
Y LEpyix;, Ipeixi)  L(Epyxi, Epeixi) L2

M12: Proof of Rule 4®@Rule 2 (Appendix A.4)

% Bilog (B) = (28,) log (F222%) = (26 X i log ().

where
v = 5; _ B Epux o = L(vy;, vo;)
i~ 7. v 5,5 - i — &7 .. . Vv
L(p1i, DoiB) ZB; ZpoiX; EL(vy4,v0;)
P1iXi PoiXi
Vy; = ,and vy, = ——*+,
1 IpqiXi 0t ZpoiXi

Here, x;L(p1, poiB) = 6; = Bi/LP; and vy;/vo; = p1i/ (PoiB)- Thus
L(vy3,v0;) = voiL(v1i/v0i, 1) = (Woi/ (P0iB))L(P1i Poi B)
= (x;/ (Ep1ix))L(P11, DoiB) = 6/ (Eprixi) = (Bi/ZB:)(1/(Epyixy))-
~ap = Bi/EB:.



