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Mathematical Appendix to “Interconvertible Rules” 

 

 

M1: Proof of Rule 1 

𝛺 log (
Σ𝑝1𝑖𝑥𝑖

Σ𝑝0𝑖𝑥𝑖
) ⇒ 𝛺 ∑ (

𝐿(𝑝1𝑖𝑥𝑖 , 𝑝0𝑖𝑥𝑖)

𝐿(Σ𝑝1𝑖𝑥𝑖 , Σ𝑝0𝑖𝑥𝑖)
) log (

𝑝1𝑖𝑥𝑖

𝑝0𝑖𝑥𝑖
)

= 𝛺 ∑ (
𝑝1𝑖𝑥𝑖 − 𝑝0𝑖𝑥𝑖

log((𝑝1𝑖𝑥𝑖) (𝑝0𝑖𝑥𝑖)⁄ )
) (

log((Σ𝑝1𝑖𝑥𝑖) (Σ𝑝0𝑖𝑥𝑖)⁄ )

Σ𝑝1𝑖𝑥𝑖 − Σ𝑝0𝑖𝑥𝑖
) log (

𝑝1𝑖𝑥𝑖

𝑝0𝑖𝑥𝑖
)

= 𝛺 log
Σ𝑝1𝑖𝑥𝑖

Σ𝑝0𝑖𝑥𝑖
. 

 

M2: Proof of Rule 2 

    Since Σ𝐿(𝑣1𝑖, 𝑣0𝑖) log(𝑣1𝑖 𝑣0𝑖⁄ ) = 0, we obtain 

∑ 𝐿(𝑣1𝑖, 𝑣0𝑖) log
(𝑝1𝑖𝑥𝑖) (Σ𝑝1𝑖𝑥𝑖)⁄

(𝑝0𝑖𝑥𝑖) (Σ𝑝0𝑖𝑥𝑖)⁄
= ∑ 𝐿(𝑣1𝑖, 𝑣0𝑖) (log

𝑝1𝑖𝑥𝑖

𝑝0𝑖𝑥𝑖
− log

Σ𝑝1𝑖𝑥𝑖

Σ𝑝0𝑖𝑥𝑖
) = 0. 

∴  log
Σ𝑝1𝑖𝑥𝑖

Σ𝑝0𝑖𝑥𝑖
= ∑

𝐿(𝑣1𝑖, 𝑣0𝑖)

Σ𝐿(𝑣1𝑖, 𝑣0𝑖)
log (

𝑝1𝑖𝑥𝑖

𝑝0𝑖𝑥𝑖
). 

 

M3: Proof of Rule 3 

 ∑ 𝛾𝑖 log (
𝑝1𝑖

𝑝0𝑖
) ⇒ 𝐿(Σ𝑝1𝑖𝑥𝑖, Σ𝑝0𝑖𝑥𝑖) log (

Σ𝑝1𝑖𝑥𝑖

Σ𝑝0𝑖𝑥𝑖
) = Σ(𝑝1𝑖𝑥𝑖 − 𝑝0𝑖𝑥𝑖) 

    = ∑ 𝐿(𝑝1𝑖𝑥𝑖, 𝑝0𝑖𝑥𝑖) log (
𝑝1𝑖𝑥𝑖

𝑝0𝑖𝑥𝑖
) = ∑ 𝑥𝑖𝐿(𝑝1𝑖, 𝑝0𝑖) log (

𝑝1𝑖

𝑝0𝑖
). 

 

M4: Proof of Rule 4 

    From (6), we have 

 log (
Σ𝑝1𝑖𝑧𝑖

Σ𝑝0𝑖𝑧𝑖
) = ∑ (

𝐿(𝑣1𝑖,𝑣0𝑖)

Σ𝐿(𝑣1𝑖,𝑣0𝑖)
) log (

𝑝1𝑖

𝑝0𝑖
) 

where 

𝑣1𝑖 = (𝑝1𝑖𝑧𝑖) (Σ𝑝1𝑖𝑧𝑖)⁄ , 𝑣0𝑖 = (𝑝0𝑖𝑧𝑖) (Σ𝑝0𝑖𝑧𝑖)⁄ , and 𝐿(𝑣1𝑖, 𝑣0𝑖) (Σ𝐿(𝑣1𝑖, 𝑣0𝑖))⁄ = 𝛿𝑖. 

Using 𝑣1𝑖 𝑣0𝑖⁄ = (𝑝1𝑖Σ𝑝0𝑖𝑧𝑖) (𝑝0𝑖Σ𝑝1𝑖𝑧𝑖) = 𝑝1𝑖 (𝑝0𝑖𝐵)⁄ ,⁄  we have 

 𝐿(𝑣1𝑖, 𝑣0𝑖) = 𝑣0𝑖𝐿(𝑣1𝑖 𝑣0𝑖⁄ , 1) = 𝑣0𝑖𝐿(𝑝1𝑖 (𝑝0𝑖𝐵)⁄ , 1) = (𝑣0𝑖 (𝑝0𝑖𝐵)⁄ )𝐿(𝑝1𝑖, 𝑝0𝑖𝐵). 

Thus 𝛿𝑖 = (𝑣0𝑖 𝑝0𝑖⁄ )𝐿(𝑝1𝑖, 𝑝0𝑖𝐵) (Σ(𝑣0𝑖 𝑝0𝑖⁄ )𝐿(𝑝1𝑖 , 𝑝0𝑖𝐵))⁄ . 

 ∴  𝑣0𝑖 = (𝑝0𝑖𝛿𝑖(Σ(𝑣0𝑖 𝑝0𝑖⁄ )𝐿(𝑝1𝑖, 𝑝0𝑖𝐵))) (𝐿(𝑝1𝑖, 𝑝0𝑖𝐵))⁄ .    (1) 

Since Σ𝑣0𝑖 = 1, we have 
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 Σ(𝑣0𝑖 𝑝0𝑖⁄ )𝐿(𝑝1𝑖, 𝑝0𝑖𝐵) = 1 (Σ(𝑝0𝑖𝛿𝑖 𝐿(𝑝1𝑖, 𝑝0𝑖𝐵)⁄ ))⁄ .        (2) 

From (1) and (2), we derive 

 𝑣0𝑖 = (𝑝0𝑖𝑧𝑖) (Σ𝑝0𝑖𝑧𝑖) = (𝑝0𝑖𝛿𝑖 𝐿(𝑝1𝑖, 𝑝0𝑖𝐵)⁄ ) (Σ𝑝0𝑖𝛿𝑖 𝐿(𝑝1𝑖, 𝑝0𝑖𝐵)⁄ )⁄⁄ . 

Hence 

 𝑧𝑖 = 𝐶 𝛿𝑖 𝐿(𝑝1𝑖, 𝑝0𝑖𝐵)⁄  

where C is any predetermined value. We set C = 1 for simplicity. 

 

M5: Proofs of (8) and (9) 

M5-1 Rule 2⨂Rule 3 

    This combined rule yields: 

 𝛺 log (
Σ𝑝1𝑖𝑥𝑖

Σ𝑝0𝑖𝑥𝑖
) ⇒ 𝛺Σ𝛽𝑖 log (

𝑝1𝑖

𝑝0𝑖
) ⇒ 𝛺𝛹 log (

Σ𝑝1𝑖𝑧𝑖

Σ𝑝0𝑖𝑧𝑖
) 

where Σ𝛽𝑖 = 1 and 𝛹 ≥ Σ𝛽𝑖 = 1. Thus 𝛺 ≤ 𝛺𝛹, which implies (8). 

M5-2 Rule 1⨂Rule 4 

    This yields: 

 𝛺 log (
Σ𝑝1𝑖𝑥𝑖

Σ𝑝0𝑖𝑥𝑖
) ⇒ 𝛺Σ𝛼𝑖 log (

𝑝1𝑖

𝑝0𝑖
) ⇒ 𝛺 (Σ𝛼𝑖)log (

Σ𝑝1𝑖𝑧𝑖

Σ𝑝0𝑖𝑧𝑖
) 

where Σ𝛼𝑖 ≤ 1. Thus 𝛺 ≥ 𝛺Σ𝛼𝑖, which implies (9). 

 

M6: Proofs of (14) and (15) 

M6-1 Rule 3⨂Rule 2 

    This combined rule is 

 ∑ 𝛾𝑖 log (
𝑝1𝑖

𝑝0𝑖
) ⇒ 𝛺 log (

Σ𝑝1𝑖𝑥𝑖

Σ𝑝0𝑖𝑥𝑖
) ⇒ 𝛺 ∑ 𝛽𝑖 log (

𝑝1𝑖

𝑝0𝑖
) 

where Ω ≥ Σ𝛾𝑖 𝑎𝑛𝑑 Σ𝛽𝑖 = 1. Thus, we have (14). 

M6-2 Rule 4⨂Rule 1 

    This combined rule derives 

 ∑ 𝛾𝑖 log (
𝑝1𝑖

𝑝0𝑖
) ⇒ (Σ𝛾𝑖) log (

Σ𝑝1𝑖𝑧𝑖

Σ𝑝0𝑖𝑧𝑖
) ⇒ (Σ𝛾𝑖) ∑ 𝛼𝑖 log (

𝑝1𝑖

𝑝0𝑖
) 

where Σ𝛼𝑖 ≤ 1. Thus, we have (15). 

 

M7: Proof of (27) 

 𝜕𝑈𝑡 𝜕𝑞𝑡𝑖 = (− 1 𝛾⁄ )⁄ (Σ𝑎𝑖(𝑞𝑡𝑖)
−𝛾)(1+𝛾) (−𝛾)⁄ (−𝛾𝑎𝑖(𝑞𝑡𝑖)

−𝛾−1) 

= (𝑈𝑡)1+𝛾𝑎𝑖(𝑞𝑡𝑖)
−𝛾−1 = 𝜆𝑡𝑝𝑡𝑖. 

 ∴  (𝑈𝑡)1+𝛾𝑎𝑖(𝑞𝑡𝑖)
−𝛾 = 𝜆𝑡𝑝𝑡𝑖𝑞𝑡𝑖 .           (1) 

This yields 
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 (𝑈𝑡)1+𝛾Σ𝑎𝑖(𝑞𝑡𝑖)
−𝛾 = 𝜆𝑡Σ𝑝𝑡𝑖𝑞𝑡𝑖 = 𝜆𝑡𝑦𝑡𝑡.       (2) 

Combining (1) and (2) leads to 

 (𝑎𝑖(𝑞𝑡𝑖)
−𝛾) (Σ𝑎𝑖(𝑞𝑡𝑖)

−𝛾)⁄ = (𝑝𝑡𝑖𝑞𝑡𝑖) 𝑦𝑡𝑡⁄ = 𝑤𝑡𝑡𝑖 = 𝑣𝑡𝑖 . 

Hence 𝐿(𝑣1𝑖, 𝑣0𝑖) = 𝐿(𝑤11𝑖, 𝑤00𝑖). 

 

M8: Proof of (31) 

    Since 𝑧𝑖 = 𝑎𝑖 𝐿(𝑐1𝑖, 𝑐0𝑖𝐵)⁄ ≈ 𝑎𝑖 (𝐺(𝑐1𝑖, 𝑐0𝑖)𝐵0.5) ⁄  and 

      𝑎𝑖 = (𝐺(𝑝1𝑖, 𝑝0𝑖)𝐺(𝑐1𝑖, 𝑐0𝑖)) 𝐺(𝑚11, 𝑚00)⁄ , 

we have  

 
Σ𝑐1𝑖𝑧𝑖

Σ𝑐0𝑖𝑧𝑖
≈

Σ(𝑐1𝑖𝐺(𝑝1𝑖,𝑝0𝑖) (𝐺(𝑚11,𝑚00)𝐵0.5)⁄ )

Σ(𝑐0𝑖𝐺(𝑝1𝑖,𝑝0𝑖) (𝐺(𝑚11,𝑚00)𝐵0.5)⁄ )
=

Σ𝑐1𝑖𝐺(𝑝1𝑖,𝑝0𝑖)

Σ𝑐0𝑖𝐺(𝑝1𝑖,𝑝0𝑖)
. 

 

M9: Proof of Rule 1⨂Rule 3 (Appendix A.1) 

 𝛺 log (
Σ𝑝1𝑖𝑥𝑖

Σ𝑝0𝑖𝑥𝑖
) ⇒ 𝛺Σ𝛼𝑖 log (

𝑝1𝑖

𝑝0𝑖
) ⇒ 𝛺𝛹 log (

Σ𝑝1𝑖𝑧𝑖

Σ𝑝0𝑖𝑧𝑖
). 

where  

 𝛼𝑖 =
𝐿(𝑝1𝑖𝑥𝑖,𝑝0𝑖𝑥𝑖)

𝐿(Σ𝑝1𝑖𝑥𝑖,Σ𝑝0𝑖𝑥𝑖)
, 𝑧𝑖 =

𝛼𝑖

𝐿(𝑝1𝑖,𝑝0𝑖)
=

𝑥𝑖

𝐿(Σ𝑝1𝑖𝑥𝑖,Σ𝑝0𝑖𝑥𝑖)
,  

and 

 𝛹 = 𝐿(Σ𝑝1𝑖𝑧𝑖, Σ𝑝0𝑖𝑧𝑖) =
𝐿(Σ𝑝1𝑖𝑥𝑖,Σ𝑝0𝑖𝑥𝑖)

𝐿(Σ𝑝1𝑖𝑥𝑖,Σ𝑝0𝑖𝑥𝑖)
= 1. 

 

M10: Proof of Rule 2⨂Rule 4 (Appendix A.2) 

 𝛺 log (
Σ𝑝1𝑖𝑥𝑖

Σ𝑝0𝑖𝑥𝑖
) ⇒ 𝛺Σ𝛽𝑖 log (

𝑝1𝑖

𝑝0𝑖
) ⇒ 𝛺(Σ𝛽𝑖) log (

Σ𝑝1𝑖𝑧𝑖

Σ𝑝0𝑖𝑧𝑖
) 

where 

 𝛽𝑖 =
𝐿(𝑣1𝑖,𝑣0𝑖)

Σ𝐿(𝑣1𝑖,𝑣0𝑖)
, Σ𝛽𝑖 = 1, 𝑣1𝑖 =

𝑝1𝑖𝑥𝑖

Σ𝑝1𝑖𝑥𝑖
, 𝑣0𝑖 =

𝑝0𝑖𝑥𝑖

Σ𝑝0𝑖𝑥𝑖
, 𝑧𝑖 =

𝛿𝑖

𝐿(𝑝1𝑖,𝑝0𝑖𝐵)
, 𝛿𝑖 = 𝛽𝑖, 

and 

 𝐵 =
Σ𝑝1𝑖𝑥𝑖

Σ𝑝0𝑖𝑥𝑖
 (=

Σ𝑝1𝑖𝑧𝑖

Σ𝑝0𝑖𝑧𝑖
). 

    Here, 
𝑣1𝑖

𝑣0𝑖
= (

𝑝1𝑖

𝑝0𝑖
) (

Σ𝑝0𝑖𝑥𝑖

Σ𝑝1𝑖𝑥𝑖
) =

𝑝1𝑖

𝑝0𝑖𝐵
. Thus 

 𝐿(𝑣1𝑖, 𝑣0𝑖) = 𝑣0𝑖𝐿(𝑣1𝑖 𝑣0𝑖⁄ , 1) = (𝑣0𝑖 (𝑝0𝑖𝐵)⁄ )𝐿(𝑝1𝑖, 𝑝0𝑖𝐵) 

                              = (𝑥𝑖 (Σ𝑝1𝑖𝑥𝑖)⁄ )𝐿(𝑝1𝑖, 𝑝0𝑖𝐵). 
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 ∴  𝑧𝑖 =
𝑥𝑖 (Σ𝑝1𝑖𝑥𝑖)⁄

Σ(𝑥𝑖 (Σ𝑝1𝑖𝑥𝑖)⁄ )𝐿(𝑝1𝑖,𝑝0𝑖𝐵)
=

𝑥𝑖

Σ𝑥𝑖𝐿(𝑝1𝑖,𝑝0𝑖𝐵)
. 

 

M11: Proof of Rule 3⨂Rule 1 (Appendix A.3) 

  ∑ 𝛼𝑖 log (
𝑝1𝑖

𝑝0𝑖
) ⇒ 𝛺 log (

Σ𝑝1𝑖𝑥𝑖

Σ𝑝0𝑖𝑥𝑖
) ⇒ 𝛺 ∑ 𝛽𝑖 log (

𝑝1𝑖

𝑝0𝑖
). 

where 𝑥𝑖 = 𝛼𝑖 𝐿(𝑝1𝑖, 𝑝0𝑖)⁄ , 𝛺 = 𝐿(Σ𝑝1𝑖𝑥𝑖 , Σ𝑝0𝑖𝑥𝑖), and 

𝛽𝑖 =
𝐿(𝑝1𝑖𝑥𝑖, 𝑝0𝑖𝑥𝑖)

𝐿(Σ𝑝1𝑖𝑥𝑖, Σ𝑝0𝑖𝑥𝑖)
=

𝛼𝑖

𝐿(Σ𝑝1𝑖𝑥𝑖, Σ𝑝0𝑖𝑥𝑖)
=

𝛼𝑖

𝛺
. 

 

M12: Proof of Rule 4⨂Rule 2 (Appendix A.4) 

 ∑ 𝛽𝑖 log (
𝑝1𝑖

𝑝0𝑖
) ⇒ (Σ𝛽𝑖) log (

Σ𝑝1𝑖𝑥𝑖

Σ𝑝0𝑖𝑥𝑖
) ⇒ (Σ𝛽𝑖) ∑ 𝛼𝑖 log (

𝑝1𝑖

𝑝0𝑖
). 

where 

𝑥𝑖 =
𝛿𝑖

𝐿(𝑝1𝑖, 𝑝0𝑖𝐵)
, 𝛿𝑖 =

𝛽𝑖

Σ𝛽𝑖
, 𝐵 =

Σ𝑝1𝑖𝑥𝑖

Σ𝑝0𝑖𝑥𝑖
, 𝛼𝑖 =

𝐿(𝑣1𝑖, 𝑣0𝑖)

Σ𝐿(𝑣1𝑖, 𝑣0𝑖)
, 

                                                                   𝑣1𝑖 =
𝑝1𝑖𝑥𝑖

Σ𝑝1𝑖𝑥𝑖
, and 𝑣0𝑖 =

𝑝0𝑖𝑥𝑖

Σ𝑝0𝑖𝑥𝑖
. 

Here, 𝑥𝑖𝐿(𝑝1𝑖, 𝑝0𝑖𝐵) = 𝛿𝑖 = 𝛽𝑖 Σ𝛽𝑖⁄  and 𝑣1𝑖 𝑣0𝑖⁄ = 𝑝1𝑖 (𝑝0𝑖𝐵)⁄ . Thus 

𝐿(𝑣1𝑖, 𝑣0𝑖) = 𝑣0𝑖𝐿(𝑣1𝑖 𝑣0𝑖⁄ , 1) = (𝑣0𝑖 (𝑝0𝑖𝐵)⁄ )𝐿(𝑝1𝑖, 𝑝0𝑖𝐵)

= (𝑥𝑖 (Σ𝑝1𝑖𝑥𝑖)⁄ )𝐿(𝑝1𝑖, 𝑝0𝑖𝐵) = 𝛿𝑖 (Σ𝑝1𝑖𝑥𝑖) = (𝛽𝑖 Σ𝛽𝑖⁄ )(1 (Σ𝑝1𝑖𝑥𝑖)⁄ ).⁄  

∴  𝛼𝑖 = 𝛽𝑖 Σ𝛽𝑖⁄ . 

 


